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wksokswe ftXhnK
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1H12 ;koK;
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1H14 gVQB :'r g[;seK

1H0 G{fwek

;w{j dh fET[oh (Set Theory) ;w{j f;XKs rfDs dhnK nkX[fBe ;akyktK dk nkXko j?. noE-;ak;so

nkgDhnK e[M XkoBktK iht/_ fe t;s{nK dk ;w{j (Set of Commodities), ehwsK dk ;w{j (Set of Prices) nkfd

Bz{ ;ob eoB bJh ;w{j dk gq:'r eodk j?. fJ; bJh fJ; gkm ftu n;h_ ;w{j ns/ cbB dk nfXn?B eoKr/.

1H1 wzst

fJ; gkm dk w[Zy wzst ;w{j dk wsbp, ;w{j Bz{ fbyD d/ Yzr ns/ fJ; dhnK fe;wK nkfd

pko/ ikDekoh gqkgs eoBk j?. fJ; s'_ fJbktk cbB dk wsbp, fJ; dhnK fe;wK ns/ noE-;ak;so

ftZu gq:'r j'D tkbhnK w[Zy cbBK pko/ th ikDekoh gqkgs eoBk j?.

1H2 ;w{j dk wsbp

nkgD/ o'ikBK d/ ihtB ftu n;h_ M[zv (group), NZpo (family), fJZiV (flock) nkfd ;apdK dk

gq:'r eod/ jK, i' fe ;w{j d/ Gkt Bz{ do;kT[_dk jB.

gozs{ rfDs ftZu fJ; dk wsbp tZyok j?. fJe' gqeko fdnK t;s{nK d/ fJeZm Bz{ ;w{j fejk

iKdk j?. t;s{nK dh gfoGk;ak mhe ns/ gSkBD :'r j'Dh ukjhdh j?. A set is a collection or a

group of well-defined and well-distinguished objects or numbers. T[dkjoD ti'_ L
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(i) fJe jcas/ ftu fdBK dk ;w{j

(ii) Economics ;apd ftZu ;ko/ nyoK dk ;w{j

(iii) Gkos d/;a d/ ;ko/ okiK dk ;w{j

(iv) gqkfeqfse nzeK (natural numbers) dk ;w{j Bz{ nkw s"o s/ tZv/ nZyoK A,B,C, nkfd

Bkb fbfynk iKdk j?.

1H3 ;w{j d/ w?_po (Elements of a Set)

fJe ;w{j ftu dZ;hnK rJhnK t;sK Bz{ T[; ;w{j d/ w?_po fejk iKdk j?. ;w{j d/ w?_poK

Bz{ nkw s"o s/ po?eN; (Brackets) ftu toBD ehsk iKdk j? ns/ S'N/ nZyoK a, b, c.. nkfd Bkb

do;kfJnk iKdk j?. i/eo e'Jh th w?_po d[jokfJnk frnk j't/ sK fJ; Bz{ fJe' tko fbfynk iKdk j?.

T[dkjoD ti'_ L A = [2, 4, 6, 8), uko nzeK w?_poK 2, 4, 6 ns/ 8 dk ;w{j j?. i/eo ;w{j d/ w?_poK

Bz{ ekfwnK (Commas) okjh_ tZyok ehsk iKdk j?, iK fco ;ko/ w?_poK dh ykf;ns fJe tke ftZu

fpnkB eo fdZsh iKdh j?.

i/eo ;w{j d/ w?_po 1, 3, 5, 7, 3 j'D sK ;w{j Bz{ fJ; gqeko fbfynk ikt/rk L

B = [1, 3, 5, 7]

 dk fuzBQ *dk w?_po j?* ns/  dk fuzBQ* dk w?_po Bjh_ j? T[dkjoD ti'_

7B ns/ 8B.

1H4 ;w{j Bz{ fbyD d/ Yzr (Describing a SET)

fe;/ th ;w{j Bz{ fszB gqeko Bkb fbfynk iKdk j? L

(i) o';No iK ;koBheoD dk sohek (Roster or tabulation method):

fJ; sohe/ ftZu ;w{j d/ ;ko/ w?_poK Bz{ po/eNK (Brackets) ftZu fbfynk iKdk j?.

T[dkjoD ti'_ L A = {a, e, i, o,  )

B = {1, 3, 5, 7, 9}

C = {ECONOMICS}

(ii) toDBkswe tkeK; sohek (Descriptive Phrase Method):

fJ; sohe/ okjh_ ;w{j d/ ;ko/ w?_poK Bz{ fJe tkeK;a d[nkok do;kfJnk iKdk j?. fJj

tkeK;a po?eN ftu fbfynk iKdk j?.

T[dkjoD ti'_ L A = { 0 s/ 20 d/ ftueko d/ f;yw nze}

B = {Physics ;apd d/ ;ko/ nyo}

(iii) ;w{j pDso o{g (Set-builder form):

fJ; sohe/ okjh_ n;h_ fJe fB:w$r[D do;kT[_d/ jK i' ;w{j d/ w?_po pDB bJh jo

nzr ftu j'Dk io{oh j?.

T[dkjoD ti'_ L A = {x:x is a river passing through Punjab}

B = {x:x is even number less than 20)

1H5 ;w{j dk t?B-fuZsok okjh_ gqrNkT[ (Diagramatic representation of Set)

;w{jK Bz{ t?B-fuZsoK (Venn-diagrames) okjh_ th do;kfJnk iKdk j?. ;w{j Bz{ do;kT[_B dk

rokfce (Graphic) sohek j?. t?B-fuZso r'b dkfJo/ d/ o{g ftu j[zdk j?. ;w{j d/ jo/e w?_po Bz{

fJe fpzd{ okjh_ do;kfJnk iKdk j?. T[dkjoD ti'_ i/ A = {ECONOMICS} d/ ;ko/ ;apdK dk ;w{j}
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sK fJ; dk t?B-fuZso j't/rk L

B = [Set of odd numbers less then 10]

sK fJ; dk t?B-fuZso j't/rk L

1H6 ;w{j dhnK fe;wK (Types of Sets)

;w{j dhnK eJh fe;wK jB L

(a) ykbh ;w{j (Null Set/Empty Set)

fi; ;w{j ftu e'Jh th w?_po Bk j't/, T[; Bz{ ykbh ;w{j fejk iKdk j?. ykbh ;w{j

Bz{  (Phai - ckJh) iK { } Bkb do;kfJnk iKdk j?.

T[dkjoD ti'_ L A = [x : x uko nZyK tkbk nkdwh]
B = {y : y - 1 = 0 and y2 - 6}

(b) fJekJh ;w{j (Unit or Singleton Set)

fi; ;w{j dk fJe jh w?_po j't/, T[; Bz{ fJekJh ;w{j fejk iKdk j?.

T[dkjoD ti'_ L A = { 10 }

B = { x : x is the moon}

C = {x : x is the President of India}

(c) gfows ;w{j (Finite Set)

gfows ;w{j ftu w?_poK dh frDsh frDB:'r j[zdh j?.
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T[dkjoD ti'_ L A = {2, 4, 6, 8}

B = { Sutlej, Beas, Ravi}

C = (x : x is an integer - 1 x < 6)

(d) nBzs ;w{j (Infinite Set)

fi; ;w{j ftZu w?_poK dh frDsh Bk j' ;e/, T[; Bz{ nBzs ;w{j fejk iKdk j?.

T[dkjoD ti'_ L B = {x : x is an odd integer}

C = {x : x is a star in the sky}

(e) ft;at ;w{j (Universal Set)

i/eo ;ko/ ;w{j fiBQK dk nfXn?B ehsk ik fojk j?, fe;/ fJe fB;afus ;w{j d/ T[g-

;w{j (Sub-Set) jB, sK T[j fB;afus ;w{j Bz{ ft;at ;w{j fejk iKdk j?. fJ; Bz{

nkw s"o s/ 'U' iK 'E' Bkb do;kfJnk iKdk j?.

T[dkjoD ti'_ L (i) id'_ n;h_ fJe vkJh; (dice) Bz{ ;[ZNd/ jK sK fJ; dk ft;at ;w{j

;kv/ e'b j't/rk U = {1, 2, 3, 4, 5, 6} (feT[_fe vkJh; d/ 6 gk;/ j[zd/ jB)

(ii) wzB bt' ;kv/ e'b fszB ;w{j A, B, C jB,

A = (1, 3, 5)

B = (a, b, c)

C = (b, p, q. r)

sK U = (1, 3, 5, a, b, c, p, q, r)

fJZE/ ;w{j A Bz{ ;w{j U dk T[g-;w{j fejk iKdk j?. fJ;/ soQK B ns/ C th U d/ T[g-;w{j

jB. noEks U ft;at-;w{j j?. ns/ A, B, C fJ; d/ T[g-;w{j jB.

AU

BU

CU

fiZE/ ' ' fuzBQ T[g-;w{j Bz{ do;kT[_dk j?.

ft;at ;w{j Bz{ t?B-fuso okjh_ Rectangle d[nkok do;kfJnk iKdk j?.

(f) ;aesh ;w{j (Power Set)

i/eo fJe ;w{j A d/ ;ko/ T[g-;w{jK Bz{ fJeZmk eoe/ fJe BtK ;w{j pDk fdZsk ikt/,

sK fJ; Bt/_ ;w{j Bz{ ;aesh ;w{j fejk iKdk j?. fJ; dk fuzB P(A) j? fiE/ A fJe

;w{j j?. T[dkjoD ti'_ L

(i) i/ A = (a, b)

fJ; d/ uko T[g-;w{j jB L

 , (a), (b), (a, b)

sK A dk ;aesh ;w{j j't/rk

P (A) = ( , (a), (b), (a, b) }

(ii) i/ A = {4, 5, 6)
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sK P (A) = { , (4), (5), (6), (4,5), (5,6), (4,6), (4,5,6)}

(g) ;wkB ;w{j (Equal/Identical Sets)

d' ;w{jK Bz{ ;wkB ;w{j fejk iKdk j? i/eo d'tK d/ w?_poK dh frDsh pokpo j't/

s/ d'tK d/ w?_po ;wkD j'D. d{i/ ;apdK ftu i/eo fJe ;w{j d/ ;ko/ w?_po jB s/

d{i/ ;w{j d/ ;ko/ w?_po gfjb/ ;w{j d/ th w?_po jB sK d't/_ ;w{j pokpo jB.

;wkB ;w{jk Bz{ = fuzB Bkb fbfynk iKdk j?

iK A B ns/ B A

T[dkjoD ti'_ L

(i) i/eo A = {2, 4, 6, 8}

ns/ B = {6, 8, 4, 2}

sK A = B

(ii) A = {x : x is a letter of the word year)

B = [y, e, a, r]

sK A = B

(iii) i/eo A = (2)

ns/ B = (x:x-2 = 0)

sK A = B

(h) s[b ;w{j (Equivalent Sets)

id'_ d' ;w{jK ftZu w?_poK dh frDsh pokpo j't/ sK nfij/ ;w{jK Bz{ s[b ;w{j fejk

iKdk j?. T[dkjoD ti'_ L

i/ A = {a, e, i, o, )

B = {1, 2, 3, 4, 5}

sK A ns/ B s[b ;w{j jB. s[b ;w{jK Bz{   iK  fuzBQK d[nkok do;kfJnk iKdk

j?.

i.e. AB iK A  B.

(i) n;zpzXs ;w{j (Mutually Exclusive or Disjoint Sets)

id'_ d' ;w{jK A ns/ B dk e'Jh th w?_po ;KMk Bk j't/ sK fJBQK Bz{ n;zpzXs ;w{j fejk

iKdk j?.

T[dkjoD ti'_ L

(i) A = (okw, ;akw)

B = (whok, ;[Bhsk)

sK A ns/ B n;zpzXs ;w{j jB.

(ii) C = (1, 2, 3)

D = (x, y)

A ns/ B n;zpzXs ;w{j jB feT[_fe e'Jh th w?_po ;KMk Bjh_.
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t?B-fuZso okjh_

n;zpzXs ;w{jK dk gqfsS/dB (intersection) ykbh j[zdk j?L

 DC,BA

fiE/ fuzBQ   gqfsS/dB Bz{ do;kT[_dk j?.

(j) go;go ftnkgh (Overlapping Sets)

d' ;w{jK Bz{ go;go ftnkgh ;w{j fejk iKdk j? i/eo T[BQK dk xZN'-xZN fJZe w?_po

;wkB j't/.

T[dkjoD ti'_ L

A = (1, 2, 3, 4)

B = (3, 4, 5, 6)

sK A ns/ B go;go ftnkgh ;w{j jB feT[_fe T[BQK d/ d' w?_po 3 ns/ 4 ;wkB jB.

 4,3BA 

1H7 ;w{jK dk ;zukbB (Set Operations)

;w{jK dk ;zukbB j/m fby/ nB[;ko j? L

(A) ;w{jK dk g{oe ;w{j (Complement of a Set)

i/eo ;w{j A ft;at ;w{j E dk T[g-;w{j j? sd n;h_ fJ; dk g{oe ;w{j gqkgs eo

;ed/ jK. g{oe ;w{j ftZu T[j ;ko/ w?_po j'Dr/ fijV/ ;w{j A ftu Bjh_ jB. g{oe

;w{j Bz{ fJ; soQK do;kfJnk iKdk j? L

}Ax:x{AorA c1   iK }Ax,Ex:x{AorA c1 

g{oe ;w{j d/ e[M fB:w fJ; soQK jB L

(i) 1U

ft;at ;w{j dk g{oe ;w{j fJe ykbh ;w{j j't/rk.

(ii) U1 
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ykbh ;w{j dk g{oe ft;at ;w{j j't/rk.

(iii) EAA 1 

(iv)  1AA

(v)   AA
11 

(vi)   111
BABA 

(vii)   111
BABA 

(B) ;w{jK dk ;zx (Union of Set)

d' ;w{jK A ns/ B dk ;zx fJe Bt/_ ;w{j d/ pokpo j[zdk j? fi; ftZu iK ;w{j A

d/ ;ko/ w?_po, iK ;w{j B d/ ;ko/ w?_po (iK d'BK d/ ;ko/ w?_po) ;akwb j[zd/ jB.

;ze/sK okjh_ L

 BandAbothxorBxorAx:xBA 

;w{jK d/ ;zx Bz{ t?B-fuZso okjh_ th do;kfJnk ik ;edk j?.

BA  Bz{ fuZso ftZu ;a/v Bkb fdykfJnk frnk j?.

T[dkjoD ti'_ L

i/  6,5,4,3,2,1A 

 10,8,6,4,3B 

sK  8,6,5,4,3,2,1BA  ],10
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BA  fuZso ftZu ;a/v Bkb fdykfJnk frnk j?.

T[dkjoD L f;ZX eo' fe AAA 

jZbL fJj f;ZX eoB bJh fe fJe ;w{j A dk A Bkb jh ;zx ;w{j A d/ pokpo j[zdk j?,

;kBz{ (i) ns/ (ii) f;ZX eoB dh b'V gt/rh L

(i) AAA  (ii) AAA 

(i) j[D AAA   dk wsbp j? L

e'Jh AxorAxAAx 

Ax

AAA   ................ I

fJ;/ soQK AAA   dk wsbp j? fe

e'Jh AyorAyAy   

AAy 

AAA   .............. II

I ns/ II s'_ n;h_ f;ZX eo fdZsk j?.

AAA  , or AA  = A

fJ; Bz{ n;h_ ;w{jK d/ ;zx dk nkJhv?wg'N?_N fB:w (Idempotent law of union of

sets) efjzd/ jK. fJ; s'_ n;h_ dZ; ;ed/ jK fe ;w{j  AA dk jo w?_po ;w{j A

dk w?_po j? ns/ ;w{j A dk jo w?_po ;w{j AA  dk th w?_po j?. ;w{jK d/ ;zx

d/ d{i/ wjZstg{oB fB:w jB L

(i) ;w{jK d/ ;zx dk eow tNKdok fB:w (Commutative Law of Union of two

sets)

fJ; fB:w d/ nB[;ko i/ A ns/ B d' ;w{j jB, sK

ABBA 

j[D  BxorAx:xBA 

  ABAxorBx:x 

(ii) ;w{jK d/ ;zx dk ;fjukosk dk fB:w (Associative Law of Union of three

sets)

fJ; fB:w d/ nB[;ko    CBACBA 

(2) ;w{jK dk gqfsS/dB (Intersection of Sets)

A ns/ B dk gqfsS/dB fJe nfij/ BtK ;w{j j[zdk j? fi; d/ w?_poK dk ;w{j A ns/

B d'jK d/ w?_poK Bkb ;zpzXs j[zdk j?. noEks Bt/_ ;w{j d/ w?_po d'BK ;w{jK d/ ;KM/

w?_po j[zd/ jB.

;ze/sK okjh_

 BxAx:xBA  ns/

T[dkjoD ti'_
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i/eo A = (4, 5, 6)

B = (6, 8, 12)

sK BA  = (6)

;ze/sK okjh_ gqfsS/dB Bz{ t?B-fuZsoK okjh_ th do;kfJnk ik ;edk j?.

fuZso ftZu # ;a/v ehsk j'fJnk y/so A ns/ B d/ gqfsS/dB Bz{ do;kT[_dk j?.

;w{jK d/ gqfsS/dB dk eow tNKdok fB:w (Commutative Law Intersection

of Sets)

fJ; d/ fB:w nB[;ko ABBA 

j[D  BxandAx:xBA 

=   ABAxandBx:x 

;w{jK d/ gqfsS/dB dk ;fjukosk dk fB:w (Associative Law of Intersection

of Sets)

fJ; d/ fB:w nB[;ko     CBACBA 

ftsoDksfwe fB:w (Distributive Law)

n;h_ f;ZX eoBk j? fe

(a)      CABACBA 

(b)      CABACBA 

jZbL =  CBxandAx:x 

=  )CxorBx(andAx:x 

=  )CxandAx(or)ByandAx(:x 

=     CArorBAx:x 

=    CABA 

(b) Bz{ ftfdnkoEh nkg jZb eoB.

1H8 ;w{jK dk nzso (Difference of Sets)

d' ;w{j A ns/ B dk nzso fJe nfijk ;w{j j? fi; d/ w?_po A ;w{j d/ jB go i'

;w{j B d/ w?_po Bjh_ jB. noEks fJ; ftZu i' w?_po A ns/ B d'jK d/ w?_po jB,

;akwb Bjh_ ehs/ ikDr/.

;ze/sK okjh_  Bx,Ax:xBA 

A C

x

x


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ns/  Ax,Bx:xAB 

T[dkjoD ti'_ L

i/eo A = (a, b, x, y, z)

B = (c, d, e, x, z)

A-B = (a, b, y)

B-A = (c, d, e)

t?B-fuZsoK okjh_

;a?v (=) ehsk y/so = A-B

;a?v (III) ehsk y/so = B-A

A- B  B-A

d' ;w{jK dk ;zs[fbs nzso (Symmtric difference between two sets)

The symmetric difference of two sets A, B is the set of those elements which are

either in A or in B but not in both A, B.

d' ;w{j A ns/ B dk ;zs[fbs nzso fJe nfijk ;w{j j? fi; d/ w?_po iK sK A d/ w?_po jB,

iK ;w{j B d/ w?_po jB, gozs{ d'jK ;w{jK d/ ;KM/ w?_po Bjh_ jB. ;ze/sK okjh_

 BAxandBAx:xBA 

iK    BABABA 

t?D fuZso okjh_

;a/v (=) ehsk j'fJnk y/so A ns/ B d/ ;zs[fbs nzso Bz{ do;kT[_dk j?.

T[dkjoD ti'_ L

i/eo A = {a, b, c, d, e, f) ns/ B = {1, 2, 3, c, f}

BA (a, b, d, e, 1, 2, 3)

A - B B
-A




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1H9 cbB (Function)

;zpzX dh XkoBk s'_ ;kBz{ cbB dh XkoBk pko/ gsk bZrdk j?. wzB bT[ A ns/ B d' ;w{j jB.

wzB bT[ fe;/ fB:w 'f' nB[;ko ;w{j A dk jo fJe w?_po x ;w{j d/ fe;/ nd[Zsh (unique) w?_po y

Bkb ;zpzX eodk j? sK fJ; ;zpzX Bz{ cbB efjzd/ jB. cbB Bz{ nkw s"o s/ 'f' nZyo Bkb do;kfJnk

iKdk j?. ns/ fJ; Bz{ fJ; soQK fbyd/ jB y = f (x), fJE/ Y ;w{j B dk w?_po j?, X ns/ A dk w?_po

j? ns/ 'f' x ns/ y d/ ;zpzX dk fB:w j?.

  Yy,yxf,Xx,YX:f 

cbB dh gfoGk;ak fJ; gqeko j't/rh L

"Suppose that to each element in a Set A, there is assigned, by some manner or

other, a unique element of a set B, We call such assignment a function. Let us f denote

these assignments, then we write : f = BA 

which reads 'f' is a function of A into B."

;w{j A Bz{ cbB f dk domain fejk iKdk j? ns/ B Bz{ f dk Co-domain.

i/eo Aa sK B ftu fijV/ element bJh assign ehsk iKdk j?, T[; Bz{ image fejk iKdk

j? ns/ fJj f(a) Bkb do;kfJnk iKdk j?.

fJj io{oh Bjh_ j? fe B dk jo fJe element A d/ fe;/ element dk image j't/. f dh

o/_i (range) B d/ T[BQK elements dh j't/rh i' fe A dh xZN'-xZN fJe element dh image j't/.

o/_i Bz{ fJ; soQK do;kfJnk iKdk j? L

Range of f : AB is f (A)

B'N eo' fe f(A), B dk fJe T[g-;w{j j?.

T[dkjoD ti'_ L i/ P ehws j? s/ X fe;/ t;s{ dh g{osh j? sK g{osh cbB fJ; soQK fbfynk

ik ;edk j? L

x = f (P)

noEks g{osh ehws T[Zs/ fBoGo eodh j?.

i/ C T[gG'r j? s/ Y nkwdB j? sK T[gG'r cbB fJ; soQK fbfynk ik ;edk j? L

c = f (Y)

noEks T[gG'r nkwdB T[Zs/ fBoGo eodh j?.
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1H10 cbBK dhnK w[Zy fe;wK (Classification of functions)

cbBK dhnK e[M w[Zy fe;wK j/m fbyhnK jB L

(i) ;fEo$nuo cbB (Constant function)

fi; cbB dh o/_i ftu f;oc fJe jh w?_po j[zdk j? T[; Bz{ ;fEo$nuo cbB fejk

iKdk j?.

T[dkjoD ti'_ L

y

iK f(x) =   fiZE/   fJe nuo (constant) j?.

(ii) ;g;aN cbB (Explicit Function)

id'_ gqszso uo dk w[Zb f;ZX/ o{g ftu ;[szso uo s'_ gsk ehsk ik ;edk j't/ fJ;

gqeko d/ cbB Bz{ ;g;aN cbB fejk iKdk j?.

T[dkjoD ti'_ L

y = (3x + 5)4

(iii) n;g;aN cbB (Implicit function)

id'_ gqszso uo dk w[Zb f;ZX/ o{g ftZu ;[szso uo s'_ gsk Bk ehsk ik ;edk j't/ fJ;

gqeko d/ cbB Bz{ n;g;aN cbB fejk iKdk j?.

T[dkjoD ti'_ L

(i) ax2 + by2 + cx + dy + C = O

(ii) x4 - 3yx2 + 2xy2 - 25 = O

(iv) tk;sfte w[Zb-cbB (Real-Valued Function)

fi; cbB d/ gqGkt y/so ns/ o/_i tk;sfte nzeK d/ ;w{j j'D, T[; Bz{ tk;sfte w[Zy

cbB fejk iKdk j?.

(v) fJZe w[Zb cbB (Single-valued function)

fi; cbB ftu ;[szso do d/ w[Zb d/ ;zpzX ftu gqszso do dk f;oc fJe jh w[Zb

j't/, T[; Bz{ fJe-w[Zb, cbB fejk iKdk j?.

T[dkjoD ti'_ L

(i) y = 4x+5

(ii)
7x6

4x3
y






(vi) pj[-w[Zb cbB (Multi-valued/Multi form function)

nfijk cbB fi; ftu ;[szso uo d/ w[Zb d/ ;zpzX ftu gqszso uo d/ fJe s'_ tZX

w[Zb j'D sK nfij/ cbB Bz{ pj[-w[Zb cbB fejk iKdk j?.

T[dkjoD ti'_ L

(i) y = x2+3x -5 (Quadratic function)

(ii) 5xy  (ii) xy 
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(vii) fJexksh cbB (Linear function)

fi; cbB dh xks (degree) fJe d/ pokpo j't/ T[; Bz{ fJexksh cbB fejk iKdk

j?.

T[dkjoD ti'_ L

y = ax + b

(viii) tZXd/ cbB (Increasing function)

id'_ ;[szso uo d/ w[Zb ftu tkXk j'D Bkb gqszso uo d/ w[Zb ftu th tkXk j[zdk j?,

sd nfij/ cbB Bz{ tZXdk cbB fejk iKdk j?.

T[dkjoD ti'_ L

y = x2+4x+5

id'_ x = 1, y = (1)2 + 4 (1) + 5 = 10

x = 2, y = (2)2 + 4 (2) + 5 = 17

x = 3, y = (3)2 + 4 (3) + 5 = 26

(ix) xZNd/ cbB (Decreasing function)

id'_ ;[szso uo d/ w[Zb ftu xkNk j'D Bkb gqszso uo d/ w[Zb ftu th xkNk j[zdk

j?, sd nfij/ cbB Bz{ xZNdk cbB fejk iKdk j?.

T[dkjoD ti'_ L

4x

20
y




id'_ x = 1, y =
5

20
= 4

id'_ 33.3
6

20
y,2x 

id'_ 85.2
7

20
y,3x 

id'_ 5.2
8

20
y,4x 

(x) T[bN cbB (Inverse function)

i/eo y = f (x) e'Jh fJe cbB j't/ sK fJ; s'_ fJe j'o cbB x= (y) eZfYnk ik ;edk

j't/ sK d'B'_ cbBK fJe d{i/ dh T[bN cbB efjbkJ/rh.

T[dkjoD ti'_ L

(i)

5y2

y93
x

9x2

3x5
y

9

6y
x6x9y














ns/

ns/

fJe d{i/ dh T[bB cbBK jB.
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1H11 noE ;ak;so ftu gq:'r j'D tkb/ e[M w[ Zy cbBK (Main functions used in

Economics)

noE ;ak;so ftu gq:'r j'D tkb/ w[Zy cbBK fJ; gqeko jB L

(i) wzr cbB (Demand function)

wzB bT[ q fe;/ t;s{ dh wzr dh wksok j? ns/ P ehws j? sK wzr cbB Bz{ fJ; soQK

do;kfJnk ik ;edk j?.

q = f (P)

wzr cbB wzr d/ fB:w s/ fBoGo eodh j?.

wzr cbB fJe xZNdk cbB j? feT[_fe ehws ftZu tkXk j'D Bkb wzr ftu ewh

nkT[_dh j?. fJ; bJh wzr teo dh YbkB (Slope) foDkswe j[zdh j?.

(ii) g{osh cbB (Supply function)

T[Zgo fdZsk frnk cbB q=f (P) g{osh cbB do;kT[_dk j? i/eo q Bz{ n;h_ t;s{ dh

g{osh wzB bJhJ/. feT[_fe ehws ftu tkX/ Bkb g{osh ftZu th tkXk j[zdk j? fJ; bJh

g{osh teo dh YbkB ;kekokswe (Positive) j[zdh j?.

(iii) T[sgkdB cbB (Production Function)

T[sgkdB cbB T[gi ns/ ;kXBK ftZu ;zpzX dZ;dk j?. i/eo Q T[sgkdB j?, g{zih (k)

ns/ wiad{o (L) ;kXB jB sK T[sgkdB cbB Bz{ fJ; soQK do;kfJnk ik ;edk j?.

Q = f (K, L)

T[dkjoD ti'_ L

 LAKQ  fiE/ ,  constant jB

(iv) nkwdB cbB (Revenue function)

nkwdB t;s{ dh fteoh ns/ ehws s/ fBoGo eodk j? i/eo R = nkwdB, P = ehws

ns/ X = t;s{ dh wksok sK nkwdB cbB fJ; soQK do;kfJnk ik ;edk j?.

R = f (P, X) iK R = P, x

T[dkjoD ti'_ L

i/eo P = 2x-3 sK

nkwdB cbB (Revenue function) = Px

= (2x-3) x = 2x2-3x j't/rk.

bkrs cbB (Cost function)

i/eo fJe t;s{ X dh e[Zb bkrs C j't/ sK e[Zb bkrs cbB Bz{ fJ; soQK do;kfJnk ikt/rkL

C = f (X)

n";s bkrs cbB Bz{ fJ; gqeko do;kfJnk iKdk j? L

AC noEks n";s bkrs = 
X

C

X


bkrse[Zb

1H12 ;koK;a

fJ; gkm ftZu n;h_ ;w{j ns/ cbBK pko/ ikDekoh fdZsh rJh j?. ;w{j dk wsbp, fbyD d/

Yzr, ;w{j dhnK fe;wK ns/ ;zukbB T[dkjoD ;fjs dZ;/ rJ/ jB. cbB, cbB dhnK fe;wK, noE-
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;ak;so ftZu gq:'r j'D tkb/ e[M w[Zy cbBK pko/ ikDekoh th fdZsh rJh j?.

1H13 gq;aB

S'N/ gq;aB

(i) ;w{j s'_ eh Gkt j?.

(ii) ;w{j Bz{ fbyD d/ Yzr dZ;'.

(iii) ;wkB ;w{j ns/ s[b ;w{j ftZu coe d;'.

(iv) ;g;aN cbB ns/ n;g;aN cbB ftZu coe d;'.

(v) T[sgkdB cbB s'_ eh Gkt j?.

tZv/ gq;aB

(i) i/eo A = (1, 2, 3, 4, 5)

B = (2, 4, 6, 7, 9)

C = (3, 5, 6, 7, 8)

f;ZX eo' fe (a)     ACBCBA 

(b)      CABACBA 

ns/ B
~

A
~
  gsk eo'.

(ii) i/eo  10,9,8,7,6,5,4,3,2,1

A = (1, 2, 3, 4) B = (3, 5, 8, 10), Verify that

(i)   CCC
BABA 

(ii)   CCC
BABA 

(iii)    ABBABA 

(iii) Define a set; what is meant by empty set ? Find the union and intersection

of the following sets.

(i)   ,2,1{S,c,b,aS 21  }

(ii)   }1,b,a{S,c,b,aS 21 

(iv) State and Prove Associative Law for the union and Intersection of Sets.

(v) cbB dh gfoGk;ak d;' ns/ fJ; dhnK w[Zy fe;wK pko/ th d;'.

1H14 gVQB :'r g[;seK

1. Aggarwal and Joshi : Mathematics for Students of Economics.

2. Bhardwaj and Sabharwal: Mathematics for Students of Economics.

3. Aggarwal, Bhardwaj, Bains : Quantitative Methods (Pbi. Med.).

and Inder Kurmar

4. Balwant Kandoi : Mathematics for Business and Economics with

Applications.


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(wksokswe ftXhnK)

gkm BzL 1H2 b/fyek L vkH ftgbk u'gVk

;kXkoD ntebi

(Simple Derivatives)

o{g-o/yk (Structure)

2H0 G{fwek

2H1 wzst

2H2 ntebi r[DKe

2H2H1 fe;/ fpzd{ s/ ntebi

2H2H2 nkfd s'_ ntebi

2H3 ntebB d/ e[M fB:w

2H3H1 ;kXkoD cbBK d/ fB:w

2H3H2 d' cbBK d/ i'V iK xNkU dk ntebB

2H3H3 d' cbBK d/ r[DBcb dk ntebB

2H3H4 d' cbBK d/ Gkrcb dk ntebB

2H4 e[M j'o cbBK d/ ntebB

2H5 ;koK;a

2H6 gq;aB

2H7 gVQB :'r g[;seK

2H0 G { fwe k

fgSb/ gkm ftZu s[;h_ cbBK pko/ ikDekoh gqkgs ehsh ;h ns/ fJ; gkm ftZu n;h_ ;kXkoD

cbBK d/ ntebi gqkgs eoB pko/ nfXn?B eoKr/.

2H1 w zst

fJ; gkm dk w[Zy wzst ;kXkoD cbBK d/ ntebi gqkgs eoBk ns/ ntebB d/ e[M fB:wK

pko/ ikDekoh gqkgs eoBk j?.

2H2 ntebB r[DKe (Differential Coefficient)

wzB bT[ y = f (x) fJe cbB j?. fiE/ x ;[szso ns/ y gqszso uo jB. fJ; fdZs/ cbB dk

ntebB r[DKe frnks eoB dh fefonk B{z ntebB (Differentiation) nkyd/ jB.

2H2H1 fe;/ fpzd{ s/ ntebi

wzB bT[ y = f (x) ................ (i)

wzB bT[ cbB (i) ftZu i/eo x uo d/ wkB ftZu nbgftqXh (Small increment) x ehsh

ikt/. feT[_fe y dk wkB x s/ fBoGo j?, fJ; bJh y d/ wkB ftZu th ;zrs ftqXh j't/rh. wzB bT[

y d/ wkB ftZu ;zrs ftqXh y j[zdh j?.
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 y + y = f (x + x) ................. (ii)

;wheoD (ii) ftZu'_ ;wheoD (i) B{z xNkT[D s/

y = f (x + x) – f (x) .................... (iii)

j[D d'tK gkf;nK B{z x Bkb Gkr d/D s/

     
  

  
 

f x x f xy
x 0

x x

     


 

f x x f xy

x x
 B{z ftqXh nB[gks (Incremental ratio) fejk iKdk j?. i/

   
 

    
x 0

f x x f x
Lt

x
 j'_d ftZu j't/ ns/ frnks ehsh ik ;e/ sK cbB f (x) ntebBh:

(differentiable) j[zdk j?.

 


x 0

y
Lt

x
 B{z 

dy

dx
 Bkb fBo{gs ehsk iKdk j?.

   
 

  
 

x 0

f x x f xdy
Lt

dx x
 B{z cbB f (x) dk ntebB r[DKe (differential coefficient)

fejk iKdk j?.

cbB f (x) dk x = b fpzd{ s/ ntebi (Derivative)

wzB bT[ f (x), x dk e'Jh cbB j? sK 
   

 

 

x b

f b x f b
Lt

x
 B{z cbB f (x) dk fpzd{ x = b

s/ ntebi nkfynk iKdk j? ns/ fJ; B{z f (b) Bkb fBo{gs ehsk iKdk j?.

B'N L 
dy

dx
 dk noE dy ÷ dx Bjh_ ;r'_ fJ; dk noE 

d

dx
(y) j?. 

d

dx
 sK ntebi dk ;{ue

(Symbol) j?.

T[dkjoD 1L f;ZX eo' fe cbB f (x) = x2 + 2x + 2 ntebBh: j?. fJ; dh tos'_ eod/ j'J/ f (x)

dk x = 2 s/ ntebB frnks eo'.

jZb L    2y x 2x 2 ............ i

              
2

y y x x 2 x x 2 ........... ii

                
2 2y y y x x 2 x x 2 x 2x 2

      2y 2x x x 2 x

      y x 2x x 2

 
   


y

2x x 2
x
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 
   


   

x 0 x 0

y
Lt Lt 2x x 2

x

 
dy

2x 2
dx

x = 2 s/ ntebB r[DKe = f (2) = 2.2. + 2 = 6

2H2H2 nkfd s'_ ntebi (Differentiation 'abinitio' or from the first principle)

ntebB d/ fwnkoh o{g iK fwnkoh gqw/nK dh tos'_ eoB s'_ fpBQK ntebi gqkgs eoB dh

seBhe B{z nkfd s'_ ntebB dh ftXh fejk iKdk j?. fJ; B{z j/m fdZs/ sohe/ Bkb gqkgs ehsk iKdk

j?.

wzB bT[  
1

y .......... i
x

    
 

1
y y .......... ii

x x

;wheoD (ii) ftZu'_ ;wheoD (i) B{z xNkU

   
 

1 1
y

x x x

   
  

 
 

x x x
y

x x x

   
     

  
   

x x x x x x
y

x x xx x x

     


 
    

x
y

x x x x x x

   
 


     

y 1

x x x x x x x

      

  
  

  3/2x 0

y 1 1 1
Lt

x 2xx x x x x 2 x

T[dkjoD 2L 





3x 4
y

4x 5
 dk x d/ ;kg/y nkfd s'_ ntebi eo'.

 



3x 4

y ........... i
4x 5
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 
 

 
  

  
  

3 x x 4
y y ............ ii

4 x x 5

;wheoD (i) B{z (ii) ftZu'_ xNkU

 
 

   
  

   

3 x x 4 3x 4
y

4 x x 5 4x 5

      
   

        
 

   

3x 3 x 4 4x 5 3x 4 4x 4 x 5
y

4x 4 x 5 4x 5

   


 
   

x
y

4x 4 x 5 4x 5

   


 
   

1
y

4x 4 x 5 4x 5

  

 


  2x 0

y 1
Lt

x 4x 5

 
 




 2

d 1
or y

dx 4x 5

2H3 ntebB d/ e[M fB:w (Rules of Differentiation)

e[M standard cbBK d/ ntebB d/ fB:w j/m fby/ nB[;ko jB L

2H3H1 ;kXkoB cbBK d/ fB:w

2H3H1H1 uo dk ntebi (Derivative of a variable)

wzB bT[ y = x, sK

    
d d

y x 1
dx dx

2H3H1H2 nuo ok;ah dk ntebi (Derivative of a constant)

wzB bT[ y = c, sK

    
d d

y c 0
dx dx

2H3H1H3 xn dk ntebi

wzB bT[ y = xn, sK

  n n 1d
x nx

dx

2H3H1H4 axn dk ntebi

i/eo y = axn, sK

)
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  n n 1d
ax anx

dx

T[dkjoD 3L i/eo y = 7 sK

    
d d

y 7 0
dx dx

i/eo y = x9, sK

   9 9 1 8d
x 9x 9x

dx

i/eo y = 15x6

          6 6 5 5d d d
y 15x 15 x 15 6x 90x

dx dx dx

2H3H2 d' cbBK d/ i'V iK xNkU dk ntebi

wzB bU y =   v

fiE/  = f (x) and v = g (x)

      
dy d d

v
dx dx dx

T[dkjoD 4L wzB bU

y = (3x3 – 2x2 + 7) ± (7x2 + 8)

fiE/  = 3x3 – 2x2 + 7 ns/ v = 7x2 + 8

        3 2 2dy d d
3x 2x 7 7x 8

dx dx dx

         2 2 2dy
9x 4x 14x 9x 14x 4x 9x 10x

dx

iK 9x2 – 4x – 14x = 9x2 – 18x

2H3H3 d' cbBK d/ r[DBcb dk ntebi

wzB bU y = v

fiE/  = f' (x)

v =  (x)

           
dy d d d

v . v v.
dx dx dx dx

T[dkjoD 5L wzB bU y = (x2 + 2x)3 (x – 7)

fiE/ u = (x2 + 2x)3 ns/ v = (x – 7)

                    
3 3 3

2 2 2dy d d d
x 2x x 7 x 2x . x 7 x 7 x 2x

dx dx dx dx

             
3 2

2 2 2dy d
x 2x .1 x 7 .3 x 2x . x 2x

dx dx
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           
3 2

2 2x 2x 3 x 7 x 2x 2x 2

            
2

2 2x 2x x 2x 6 x 7 x 1

       
2

2 2dy
x 2x 7x 34x 42

dx

2H3H4 d' cbBK d/ Gkrcb dk ntebi

wzB bU 
u

y
v

fiE/  = f' (x)

v =  (x)

 
 
 


 

u

v

2

du dv
v u.

dy d dx dx
dx dx v

fJ; B{z nZyoK ftZu j/mK dh soQK fbfynk ik ;edk j?.

cbBK d/ Gkrcb dk nteb r[DKe

T[dkjoD 6L wzB bU 





1 x
y

1 x

       

 

    
 



1/2 1/2 1/2 1/2d d
1 x 1 x 1 x . 1 x

dy dx dx
dx 1 x

         

 

 
     




1 1 1

2 2 2
1 1 1

1 x 1 x 1 x 1 x . 1
2 2 2

1 x

     

 


  
  

1/2 3/2

1 x 1 x

12 1 x 2 1 x

1 x 1 x 1 x

T[dkjoD 7L j/mK fdZs/ cbBK dk ntebB r[DKe bZG'.

(i) 4x3 – 7 (ii) (2x2 – 7) (4x + 3)

(iii) 



2x 4

x 2
(iv) (x + 2) (2x + 1)

 (1 - x)
-½

+ ]

(-1)
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(i)       3 3dy d d
y 4x 7, 4 x 7

dx dx dx

 2dy
12x

dx

(ii) y = (2x2 – 7) (4x + 3)

            2 2dy d d
2x 7 4x 3 4x 3 2x 7

dx dx dx

          2dy
2x 7 4 4x 3 4x

dx

      2 2 28x 28 16x 12x 24x 12x 28

(iii)





2x 4
y

x 2

       

 

    




2 2

2

d d
x 2 x 4 x 4 x 2

dy dx dx

dx x 2

     
   

     
  

 

2
2 2

2 2

x 2 2x x 4dy 2x 4x x 4

dx x 2 x 2

 
 

 


2

2

dy x 4x 4

dx x 2

(iv) y = (x + 2 (2x + 4)

            
dy d d

x 2 2x 4 2x 4 x 2
dx dx dx

= (x + 2) (2) + (2x + 4).1

= 2x + 4 + 2x + 4 = 4x + 8

gq;aB bVh 1

j/mK fdZs/ cbBK d/ ntebB r[DKe bZG'.

1H (i) 2x3 – 5x2 + 7x + 8 (ii) 
1

x
(iii) 

2

3x

5x 3

2H (i) 


26x

2x 1
(ii) 

2

2x

5x 4
(iii) 





1 2x

1 2x

3H (i) 


3

2

x

x 1
(ii) 



3

1 x

1 x
(iii) 

   
   

 

 

x 2 x 3

x 2 x 3
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4H (i) 3x. x 1 (ii)     1 x 1 x (iii)     5x 7 3. 4x 3

2H4 e[M j'o cbBK d/ ntebB

2H4H1 fJZe cbB d/ cbB dk n t eb i  (Derivative of a function of a function)

wzB bU y = f (u) ns/ u =  (x)

fJE/ y, u dk nf;ZXk cbB j?.

  
dy dy du

dx du dx

fJ; B{z Chain Rule fejk iKdk j?.

T[dkjoD 8H wzB bU y = 3 – 72 + 8, ns/  = x2 – 4x


 


dy dy d

dx d dx

    3 2y 7 8

    2dy
3 14

du

  2x 4x


  

d
2x 4

dx

        2dy
3 14 2x 4

dx

        
dy

3 14 2x 4
dx

         2 2dy
x 4x 3x 12x 14 2x 4

dx

T[dkjoD 9H wzB bU z = y3 – 7y2 + 2y ns/ y = x2

  
dz dz dy

dx dy dx

      2dz
3y 14y 2 2x

dx

      4 2dz
3y 14x 2 2x

dx

2H4H2 gqkufbe cbBK dk ntebi (Derivatives of an implicit functions)

ax2 + by2 + ex + dy + c = 0 fJe gqkufbe cbB (Implicit function) dk T[dkjoD j?. fJ;

ftZu gqso uo dk w[Zb f;ZX/ o{g ftZu ;[szso uo s'_ gsk Bjh_ ehsk ik ;edk. gqufbs cbB dk

ntebi frnks eoB bJh j/m fdZs/ fB:wK B{z gq:'r ehsk iKdk j? L

, 
dy

dx
= 2x

y

x



24phHJ/H Gkr shik noE-ftfrnkB L gouk d{ik

       n n 1 n n 1d d d
x nx , y ny . y

dx dx dx

T[dkjoD 10H

wzB bU    3 2 2 2 37x y 8x y 4xy 3y 0

            3 2 2 2 3dy d d d d
7 x y 8 x y 4 xy 3 y 0

dx dx dx dx dx

                      
3 2 2 2 2 2dy dy dy dy

7 x .2y 3x y 8 x . y.2x 4 x.2y y 3.3y . 0
dx dx dx dx

         
3 2 2 2 2 2dy

14x y 8x 8xy 9y 21x y 16xy 4y
dx

  
 

  

2 2 2

3 2 2

dy 21x y 16xy 4y

dx 4x y 8xy 8x 9y

gqubB cbBK dk ntebi (Derivative of Parametric Function)

gqubB cbBK ftZu x ns/ y uo fe;/ sh;o/ uo t s/ fBoGo eod/ jB. :kBh

y = f (t)

x =  (t)

j[D 
dy dy dx

/
dx dt dt

T[dkjoD 11H wzB bU

  2y 4t 2t 7 ns/  3x 3t

    2dy dx
8t 2, 9t

dt dt

   2dy
8t 2/9t

dx

gq;aB bVh 2

1H i/eo  3 4y z 7z  ns/  2z 3x

dy

dx
 gsk eo'.

2H i/eo    2 3z z w 1, w 2x 5, sK 
dz

dx
 gsk eo'.

3H
dy

dx
 gsk eo' id'_   3 23x 5xy 3y 0
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4H
dy

dx
 gsk eo' id'_      2 2ax 2hxy by 2gx 2fy c 0

2H5 ;ko K; a

fJ; gkm ftZu ;kXkoB cbBK d/ ntebi frnks eoB d/ sohe/ T[dkjoD ;fjs dZ;/ rJ/ jB.

ntebi ns/ ntebB ftZu coe th dZf;nk frnk j?.

2H6 g q; aB

S'N/ gq;aB

(i) ntebB r[DKe dh gfoGk;ak dZ;'.

(ii) fe;/ fpzd{ s/ ntebi s'_ eh Gkt j?.

(iii) Chain Rule s'_ eh Gkt j? <

(iv) gqkufbe cbB s'_ eh Gkt j? <

tZv/ gq;aB

1H j/m fdZs/ cbBK dk ntebi gsk eo'.

(i)  22x 3xy 7 (ii) 


2

3x 1

3x 2x

(iii) 


2

4

x

4x x
(iv)     

810 25 3x x 7

2H j/m fdZs/ cbBK dk nkfd s'_ ntebB gsk eo'.

(i) 


26x

2x 1
(ii) 23x 4

3H7 gVQB :'r g[;seK
1. C.S. Aggarwal and R.C. Joshi : Mathematics for Students of Economics.

2. O.P. Bhardwaj and J.R. Sabharwal : Mathematics for Students of Economics.

3. S.C. Aggarwal and R.K. Rana : Basic Mathematics for Economists.
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(wksokswe ftXhnK)

gkm BzL 1H3 b/fyek L vkH ftgbk u'gVk

bkr/foXfwe ns/ n?e;g'B?;ahnb cbBK dk ntebB

(Differentiation of Logarithmic and Exponential Functions)

o{g-o/yk (Structure)

3H0 G{fwek

3H1 wzst

3H2 bkr/foXfwe cbBK dk ntebi

3H3 n?e;g'B?;ab cbBK dk ntebi

3H4 ;koK;a

3H5 gq;aB

3H6 gVQB :'r g[;seK

3H0 G { fwe k

fgSb/ gkm ftZu n;h_ ;kXkoB cbBK d/ ntebi pko/ ikDekoh fdZsh ;h ns/ j[D n;h_ fJ;

gkm ftZu n;h_ bkr/foXfwe ns/ n?e;g'B?;ab cbBK d/ ntbei frnks eoKr/. bkr/ foXfwe cbBK

d/ ntbei gqkgs eoB s'_ gfjbK bkr/foXfwe dh gfoGk;ak ns/ bkr/foXw d/ fB:wK pko/ ikDekoh

b?Dk iao{oh j' iKdk j?.

bkr/foXw dh gfoGk;ak

fe;/ ;zfynk dk fe;/ fdZs/ j'J/ nkXko bJh bkr/foXw, nkXko dh T[j ;aesh j? fi; Bkb fdZsh

j'Jh ;zfynk gqkgs j[zdh j?. T[dkjoD bJh L

102 = 100

fJ; bJh Log
10

 100 = 2

i/eo 42 = 16 sK Log
4
 16 = 2

fJ;/ soQK i/eo ax = y, Log
a
 y = x

bkr/foXw d/ fB:w

bkr/foXw d/ fszB fB:w pj[s wjZstg{oB jB. i/eo m ns/ n d' tk;sfte ;zfynktK j'D

sK
(i) Log

a
 mn = Log

a
 m + Log

a
 n (Product Formula)

(ii) Log
a
 mn = n Log

a
 m (Power Formula)

(iii)  a a a

m
Log Log m Log n

n
 (Quotient Formula)

3H1 w zst

fJ; gkm dk w[Zy wzst bkr/foXfwe ns/ n?e;g'B?;ab cbBK d/ ntebi gqkgs eoBk j?. fJBQK

cbBK d/ ntbei gqkgs eoB bJh fgSb/ gkm ftZu dZ;/ Standard fB:w jh fJ;s/wkb ehs/ iKd/ jB.

26
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3H2 bkr/foXfwe cbBK dk ntebi

wzB bT[ y = Log
a
 x ............. (i)

i/eo x d/ wkB ftZu nbgftqXh (Small increment) x j't/ sK y d/ wkB ftZu th y ;zrs

ftqXh j't/rh.

 y + y = log
a
 (x + x) ............. (ii)

;wheoD (ii) ftu'_ ;wheoD (i) B{z xNkT[D s/

     a ay log x x log x

      
 

a

x x
y log .......... iii

x

    
 

a a a

m
log log m log n

n

;wheoD (iii) B{z d'jK gk;/ x Bkb Gkr eoB s/

        
a

y 1 x x
log

x x x

        
a

y 1 x x x
. log

x x x x

        

x

x

a

y 1 x x
log

x x x
  n

a alog m nlog m

d'B'_ gk;/ fbfwN s/, i/eo  x 0.



 

       

x

x

a
x 0

y 1 x
lim log 1

x x x 

      
   

1/x

x 0

1
lim 1 e

x

  a

dy 1
log e

dx x

    a a

d 1
log x log e ........... iv

dx x

Cor I i/eo a = e

sK ;wheoD (iv) s'_

  
d 1

log x
dx x

  log e 1

Cor II i/eo y = log u, fiE/ u, x dk cbB j?

 
dy dy du

.
dx du dx

(Chain rule)

j[D y = log
a
 u
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    
 a a

dy d 1
log log e

dx d


 

 a

dy 1 d
.log e.

dx dx

Cor III i/eo y = log u, fiE/ u = f (x) sK

 
 
 a

dy 1 d 1 d
.log e. .

dx dx dx
  elog e 1

T[dkjoD 1H i/eo  2
ay log z

  ay 2log z

      a a a

dy d d 1
2log z 2 log z 2 log e

dz dz dz z

T[dkjoD 2H i/eo     
3y log x 1

  31
y log x 1

2

   3dy 1 d
log x 1

dx 2 dx

  


3

2

dy 1 1 d
. . x 1

dx 2 dxx 1

   
 

 

2
2

3 3

dy 1 1 3x
. 3x

dx 2 x 1 2 x 1

T[dkjoD 3H i/eo   2 mny log x . e

  2 mny log x loge    log mn log m log n

 2log x mnlog e

 2log x mn   log e 1

     
dy d d

2log x mn
dx dx dx


dy 2

m
dx x

T[dkjoD 4H      
3 3z log b x x

3
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    
1/2

3 3log b x x

    
3 31

log b x x
2

  nlog m nlog m

d'B'_ gk;/ ntebB b?D s/

   
 

3 3

3 3

dz 1 1 d
. . b x x

dx 2 dxb x x

   
 

  
 

   

2 2

3 3 3 3

3x 1 3x 11 1
.

2 2b x x b x x

T[dkjoD 5H i/eo  y log log x

  
dy d

log log x
dx dx

  
dy 1 d

. log x
dx log x dx

 
dy 1

dx x .log x

T[dkjoD 6H i/eo     
 

1/2
2y log 2x x 1

     
2y 1/2log 2x x 1

      
 

2

2

dy 1 1 d
2x x 1

dx 2 dx2x x 1

 



 2

dy 4x 1

dx 2x x 1

T[dkjoD 7H wzB bU  2
3y x log x w.r. to x.

     2 2
3 3

dy d d
x log x log x. x

dx dx dx

  2
3 3

dy 1
x . .log e log x. 2x

dx x

  3 3

dy
x log e 2x.log x

dx
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T[dkjoD 8H wzB bU    
3/7

3 2z log x 5x 9

   3 2Put x 5x 9 u

  3/7z log u

 z 3/7log u

     
  

2

3 2

dz 3 1 du 3 1
. . . 3x 10x

d 7 u dx 7 x 5x 9




  

2

3 2

dz 3 3x 10x
.

d 7 x 5x 9

gq;aB bVh 1

1H j/m fby/ cbBK bJh 
dy

dx
 gsk eo'.

(a)





2 2x 1
y x

x 1

(b)
 


 

2

2

1 x x
y log

1 x x

(c)   2 2y log x 5x

(d)    2 2y log a x x

2H i/eo 





1 x
y

1 x
 sK f;ZX eo' fe    2 dy

1 x y 0.
dx

3H3 n?e;g'B?;ahnb cbBK dk ntebi

fJe cbB fi; dk p/; (Base) ;fEo (Constant) j't/ ns/ exponent (iK Power) dk j'D

sK T[; B{z n?e;g'B?;ahnb cbB nkfynk iKdk j?. fJ; cbB ftZu Constant Base iK sK a iK e

j[zdh j?. T[dkjoD d/ s"o s/ 3 2x x 1 x xa , a , e , e  nkfd n?e;g'B?;ahnb cbBK jB. j[D n;h_

n?e;g'B?;ahnb cbBK d/ ntebi gqkgs eoKr/.

Case-I wzB bU y = ax ............(i) fiE/ a fJe Constant j?.

    x xy y a ............(ii)

;wheoD (ii) ftu'_ ;wheoD (i) xNkT[D s/

  x x xy a a

d'jK gk;/ x Bkb Gkr eoB s/
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 


 

x x xy a a

x x



   

  
  

  

x
x

x 0 x 0

y a 1
Lt Lt a

x x



 
   

 

x
x

x a

dy a 1
a log a Lt log a

dx x

  x xd
a a .log a.

dx

Case II j[D ;wheoD (i) ftZu a = e GoB s/

y = ex

  x xdy
e .loge e

dx
  log e 1

Case III i/eo y = a fiE/ , x ........... (ii) dk cbB j?.

By Chain rule

 
dy dy du

dx du dx

j[D  uy a

   


u udy d du
a a log a.

dx d dx

  udy du
a loga.

dx dx

Case IV Put a = e in (ii)

  uy e  fiE/ u, x dk cbB j?.

   
  

dy d d
e e .loge.

dx dx dx

   


d d
e e .

dx dx

T[dkjoD 9H wzB bU  2x 3y 7

 
 


        

 

2x 3
2x 3dy d d d

7 .log 7. a a log a.
dx dx dx dx

    2x 3 2x 3 2x 3d
7 7 .log 7.2 2.7 .log 7.

dx
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T[dkjoD 10H wzB bU  xy 6

      
 

x x xdy d
6 log 6 a a .log a

dx dx

T[dkjoD 11H wzB bU  3 3y e x 7

  3 3Put x 7


  


dy dy d

dx d dx

j[D    
 


    



2
3 3 23

2/3
3

d 1 d 1 1
x 7 . x 3x

dx 3 dx 3 x 7

 


 


2

2/3
3

d x

dx x 7

 
 



2
3 3

2/3
3

dy x
e x 7

dx x 7

T[dkjoD 12H wzB bU 
24x xy e

  2Put 4x x

   
 

d d
e e .

dx dx

 
 

24x x d
e

dx

     
    

 

1
2 24x x 4x x 2 22

d 1 d
e e 4x x . 4x x

dx 2 dx

  



 
   

 

2 24x x 4x x

24x x

d 1
e e . 8x 1

dx 2

T[dkjoD 13H wzB bU   3xy 3e log x 2

    3xdy d
3e log x 2

dx dx


x

e

d y

d x
, y = e= e

=e

x3-7
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        3xdy d d d
3 e log x 2

dx dx dx dx

   3x 3x1 1
3.e .3 9e

x x

T[dkjoD 14H wzB bU  xy x

d'B'_ gk;/ bkr b?D s/

 xlog y log x

 log y log x   nlog m nlog m

Differentiate w.r. to x

 
d d

log y x log x
dx dx

    
1 dy d d

. x log x log x. x
y dx dx dx

  
1 dy

. log x 1
y dx

  
dy

y log x 1
dx

    n xd
x x log x 1

dx

gq;aB bVh 2

1H i/eo  3y x  sK 
dy

dx
 gsk eo'.

2H j/m fby/ cbBK dk ntebi gsk eo'.

   xi y 5   
3 2x 2 xi i y 6

   xiii y e  



2x x2iv y e

  
2x 2xv y 3

3H4 ;ko K; a

fJ; gkm ftZu n;h_ bkr/foXfwe ns/ n?e;g'B?;ahnb cbBK d/ ntebi gqkgs eoB d/ fB:wK

dh ikDekoh ehsh j?. nbZr-nbZr fB:wK d/ nbZr-nbZr T[dkjoDK fdZshnK rJhnK jB sKfe gq;aB

jZb eoB ftZu nk;kBh j't/.

xdy

dx
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3H5 g q; aB

S'N/ gq;aB

(i) bkr/foXw dh gfoGk;ak dZ;'.

(ii) n?e;g'B?;ahnb cbBK dh T[dkjoDK fdT[.

(iii) i/eo  xy 5  sK 
dy

dx
 gsk eo'.

(iv) i/eo 
2x 3y e  sK 

dy

dx
 gsk eo'.

(v) i/eo y a  fiE/ , x  dk cbB j? sK 
dy

dx
 dk fB:w dZ;'.

tZv/ gq;aB

1H j/m fby/ cbBK dk ntebi gsk eo'.

(i)  5x 2y 4 (ii)  xy a

(iii) 
2x 2xy e (iv) 

xe
y

x

2H (i) Differentiate 4e4x + log x + 4 + 
3

x
 w.r.t. x.

(ii) If y = e3log x, prove that  2dy
3x

dx

3H (i) i/eo 
2x 1y a  sK 

dy

dx
 gsk eo'.

(ii) i/eo   
7x

y a 2x  sK 
dy

dx
 gsk eo'.

3H7 gVQB :'r g[;seK
1. S.C. Aggarwal and R.K. Rana : Basic Mathematics for Economists.

2. C.S. Aggarwal and R.C. Joshi : Mathematics for Students of Economics.

3. Balwant Kandoi : Mathematics for Business and Economics with

Applications.
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(wksokswe ftXhnK)

gkm BzL 1H4 b/fyek L vkH ftgbk u'gVk

fJZe cbB dk tZX s'_ tZX ns/ xZN s'_ xZN w[Zb

(Maxima and Minima of a Function)

o{g-o/yk (Structure)

4H0 G{fwek

4H1 wzst

4H2 XkoBktK (Concepts)

4H2H1 tZXdk cbB

4H2H2 xZNdk cbB

4H2H3 tZXd/ ns/ xZNd/ cbBK bJh ;aosK

4H2H4 T[go tZb eoe/t ns/ EZb/ tZb eBt?e; cbBK

4H2H5 fJzBcb?e;aB fpzd{ (Points of Inflexion)

4H3 fJe cbB dh tZX s'_ tZX ehws

4H4 fJe cbB dh xZN s'_ xZN ehws

4H5 ;koK;a

4H6 gq;aB

4H7 gVQB :'r g[;seK

4H0 G { fwe k

fJ; gkm ftu n;h_ ntebiK dh ;jkfJsk okjh_ phi rfDs d/ cbB y = f (x) dk tZX s'_ tZX

ns/ xZN s'_ xZN w[Zb eZYKr/. noE ;ak;so ftu jo fJe T[sgkde dh e'f;a;a jz[dh j?. eh tZX s'_

tZX bkG (maximum profits) gqkgs j't/ iK bkrs xZN s'_ xZN (Minimum cost) j't/. fJ;/ soQK

jo fJe T[gG'rh dh e'f;a;a jz[dh j? fe T[j tZX s'_ tZX s[;aNhr[D (Maximum utility) gqkgs eo'.

4H1 w zst

fJ; gkm B{z gVQB s'_ pknd n;h_ j/m fbfynK pko/ ikDekoh gqkgs eoKr/.

* tZXd/ ns/ xZNd/ cbB

* T[go tZb eBe/t ns/ EZb/ tZb eBt?e; cbB

* fe;/ cbB dk tZX s'_ tZX w[Zb

* fe;/ cbB dk xZN s'_ xZN w[Zb

* fJBcb?e;aB fpzd{

fe;/ cbB dhnK tZX s'_ tZX ns/ xZN s'_ xZN w[Zb pko/ ikDB s'_ gfjbK e[M XkoBktK

(Concepts) pko/ ikDekoh j'Dh iao{oh j?.

35
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4H2 XkoBktK (Concepts)

j[D n;h_ tZXd/, xZNd/ cbB, T[go tb eBe/t (iK EZb/ tZb eBt?e;) ns/ EZb/ tZb eBe/t

(iK T[go tZb eBt?e;) cbBK pko/ gfoGk;aktK d/tKr/.

4H2H1 tZXdk cbB (Increasing Function)

y = f (x) fJe tZXdk cbB j't/rk i/eo x d/ tZXD Bkb y dk w[Zb th tX/. T[dkjoD ti'_ y

= 3x + 7, y = x3 + 2x2 + x + 1, g{osh cbB (S
x
 = f (p)), T[gG'r cbB [c = f (y)] nkfd tZXd/ cbBK

d/ T[dkjoD jB. (A function y = f (x) is said to be an increasing function of x if as x

increases, y also increases.) tZXd/ cbB dh YbkB jw/;ak jh ;ekokswe (Positive) j[zdh j?.

tZXd/ cbB dk rokc j/mK (fuZso) fdZsk frnk j?.

fuZso 1

4H2H2 xZNd/ cbB (Decreasing Function)

y = f (x) B{z x dk xZNdk cbB fejk iKdk j? id'_ x dk w[Zb tX/ sK y dk w[Zb xZNdk j? ns/

id'_ x dk w[Zb xN/ dk y dk w[Zb tZXdk j?. (A function y = f (x) is said to be decreaisng

function, if as x increases y decreases.)   
3

1
y .y 20 4x,

x
 wzr cbB fBt/;a cbB, [ I = f (r)]

nkfd xNd/ cbB d/ T[dkjoD jB. xNd/ cbB B{z rokc okjh_ j/mK do;kfJnk frnk j?.

fuZso 2

,

I
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4H2H3 tZXd/ ns/ xZNd/ cbBK bJh ;aosK (Conditions for Increasing and Decreasing

Functions)

fgSb/ d' gkmK ftZu n;h_ ntebi pko/ ikDekoh gqkgs ehsh ;h. n;h_ d/fynk ;h i/eo y =

f (x) fJe cbB j't/ sK 
dy

, x
dx

 d/ ;kg/y d/ ftZu spdhbh dh do B{z fBo{gs eodk j? ns/ 
2

2

d y
, x

dx

d/ ;kg/y 
dy

dx
 ftZu spdhbh dh do B{z fBo{gs eodk j?.

B'N L gfjbk ntebi cbB pko/ j[zdk j? ns/ d{ik ntebi cbB dh Ykb pko/ jz[dk j?. i/eo y

= f (x) fJe cbB j? sK j/m fdZshnK ;aosK nB[;ko fJ; B{z tZXdk iK xZNdk iK ;fEo cbB ejKr/

L

(i) i/eo  y f x , ns/ 
dy

0
dx

 sK x  d/ cbB dk wkB tZX fojk j?.

(ii) i/eo  y f x , ns/ 
dy

0
dx

 sK x  d/ cbB dk wkB xZN fojk j?.

(iii) i/eo  y f x  ns/ 
dy

0
dx

 sK cbB ;fEo (Stationary) nytkT[_dk j?.

fJ;/ soQK n;h_ d{i/ ntebi pko/ efj ;ed/ jK fe

(i) i/ 
2

2

d y
0

dx
 sK  y f x  dh Ykb tZX ojh j?.

(ii) i/ 
2

2

d y
0

dx
 sK  y f x  dh Ykb xZN ojh j?.

4H2H4 T[go tZb eBe/t ns/ EZb/ tZb eBe/t cbBK

Let y = f (x) be a function f (x), then the graph of f (x) is said to be concave upwards

(or convex down wards) at a point if in the neighbourhood of p, the curve lies above (or

below) the tangent at p on both the sides. In other words the graph of y = f (x) is concave

upwards if f (x) > 0 and f (x) > 0 and the graph of y = f (x) is concave downwards if f (x) > 0 and

f (x) < 0.

fuso BzH 3

Concave upwards

(Convex downwards)
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Concave Downwards (Convex upwards)

fuZso 4

4H2H5 fJBcb?e;aB fpzd{ (Points of Inflexion)

fuZso 5 ftZu fpzd{ A, fJe teo y = f (x) dk fJBcb?e;aB fpzd{ j?, i/eo 
dy

0
dx

 ns/ 
dy

dx

fJ; fpzd{ s/ sign Bjh_ pdbdk.

fuZso 5

gq;aB bVh 1

1H T[go tZb eBe/t ns/ EZb/ tZb eBe/t cbBK dh ;aosK dZ;'.

2H Show that y = x2 – 4x is decreasing at x = –1, stationary at x = 2 and increasing at

x = 3.

4H3 fJe cbB dh tZX s'_ tZX ehws (Maximum Value of a Function)

wzB bU y = f (x) fJZe cbB j? fi; dk rqkc fuZso 6 ftZu do;kfJnk frnk j?.

1H fpzd{nK M
1
 s'_ M

2
, M

3
 s'_ M

4
, M

5
 s'_ E sZe teo j/mK s'_ T[go tZb tZXdk j? noEks fJjBK

fpzd{nK d/ ftueko cbB y = f (x) tZXdk cbB j?. fuZso 6 ftZu M
2
, M

4
 teo y = f (x) d/ w?e;hwZw

fpzd{ jB feT[_fe fJBQK fpzd{nK sZe gjz[uD s'_ gfjbK teo T[go tZb tZXdh j? ns/ fJBQK fpzd{nK s/

gjz[uD s'_ pknd j/mK tZb nkT[_dh j?.
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fuZso 6

w?e;hwK wkB bJh ;aosK (Conditions for Maximum Value)

fJe cbB y = f (x) dh x = a fpzd{ s/ w?e;hwK wkB gqkgs eoB bJh j/m fdZshnK ;aosK jB

L

(i) io{oh ;aos (Necessary Condition)

 f ' x 0  iK 
dy

0
dx



(ii) ekch ;aos (Sufficient Condition)

 f " x 0  iK 
2

2

d y
0

dx


4H4 fJe cbB dh xZN s'_ xZN ehws (Minimum Value of a Function)

1H fuZso 6 ftZu teo y = f (x) fpzd{ M
1
 s'_ M

2
 sZe, M

3
 s'_ M

4
 sZe ns/ M

5
 s'_ E sZe j/mK

s'_ T[go tZb tXdk j? noEks fJjBK fpzd{nK d/ ftueko cbB y = f (x) tZXdk cbB j?.

2H fuZso 6 ftZu M
1
, M

3
 ns/ M

5
 teo y = f (x) d/ fwBhwZw fpzd{ jB.

fwBhwZw wkB bJh ;aosK

fJe cbB y = f (x) d/ fwBhwZw wkB f (x) at x = a bJh j/m fdZshnK ;aosK jB

(i) io{oh ;aos (Necessary Condition)

 f ' x 0  iK 
dy

0
dx



(ii) ekch ;aos (Sufficient Condition)

 f " x 0  iK 
2

2

d y
0

dx


fJzBcb?e;aB fpzd{ bJh ;aosK

i/ f' (x) ns/ f" (x) d't/_ f;co j'D sK x = a fJzBcb?e;aB fpzd{ j?.

i/ f' (x) = 0 iK 
dy

0
dx

  ns/  f " x 0  iK 
2

2

d y
0

dx



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T[dkjoD 1H j/m fdZs/ cbBK dk tZX s'_ tZX ns/ xZN s'_ xZN w[Zb bZG'.

(i) 3x2 – 12x + 7

(ii) x3 – 9x2 + 24x + 5

jZb L (i) y = 3x2 – 12x + 7

dy
6x 12

dx
  

j[D
dy

0
dx

  sK 6x 12 0 x 2.   

2

2

d y
6 0

dx
 

x = 2 cbB dk xZN s'_ xZN dk fpzd{ j?.

y
min

 = 3x2 – 12x + 7 = 3 (2)2 – 12 (2) + 7

= 12 – 24 + 7 = – 5.

(ii) wzB bU y = x3 – 9x2 + 24x + 5

2dy
3x 18x 24

dx
   

j[D
2dy

0 3x 18x 24 0.
dx

    

 23 x 6x 8 0  

   3 x 2 x 4 0 x 2 or x 4     

2

2

d y
6x 18

dx
 

i/eo 
2

2

d y
x 2, 6 2 18 6

dx
     

i/eo 
2d y

x 4, 6 4 18 6
dx

     

 x = 2 w?e;hwK dk fpzd{ j? ns/ fJ; fpzd{ dk cbB wkB f (2)

f (2) = (2)3 – 9 (2)2 + 24 (2) + 5

= 8 – 36 + 48 + 5 = 25 j?.

x = 4 fwBhwK dk fpzd{ j? ns/ fJ; fpzd{ dk cbB wkB f (4)

f (4) = 43 – 9 × 42 + 24 × 4 = 21 j?.

T[dkjoD 2H cbB  23y x x 1   d/ w?e;hwK ns/ fwBhwK fpzd{ bG' ns/ fJjBK fpzd{nK s/ cbB

dk w?e;hwZw wkB bZG'.
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j ZbL j[D  23y x x 1 

   23 2dy
x . 2 x 1 x 1 .3x

dx
    

    2x x 1 2x x 1 .3   

   2dy
x x 1 5x 3

dx
   

j[D    2dy
0 x x 1 5x 3 0

dx
    

   2Either x 0, or x 1 5x 3 0   

3
x 0,1,

5
 

         
2

2 2

2

d y d d
x x 1 5x 3 x 1 5x 3 . x

dx dxdx
     

         2x x 1 5 5x 3 .1 x 1 5x 3 2x         

     
2

2

2

d y
x 10x 8 x 1 5x 3 2x

dx
    

2d y
At x 0, 0

dx
 

2

2

d y
At x 1, 1 2 0 2 2 2 0

dx
       

22

2

3 d y 3 3 3 6
At x , 10 8 1 0

5 5 5 5 5dx

                    

9 18
2 0

25 25
     

3
x

5
  w?e;hwK dk fpzd{ j? ns/ fJZE/ cbB dk wkB

3 2
3 3 3

f 1
5 5 5

           
     

-8
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27 4 108

125 25 3125
    j?.

x = 1 fwBhwK dk fpzd{ j? ns/ fJE/ cbB dk wkB f (1) = 13 (1 – 1)2 = 0 j?.

x = 0 fJBcb?e;aB fpzd{ jB.

T[dkjoD 3H f;ZX eo' fe cbB 
1

y x
x

   dk tZX s'_ tZX wkB fJ; cbB d/ xZN s'_ xZN wkB s'_

xZN j?.

j ZbL wzB bU 
1

y x
x

 

2

2 2

dy 1 x 1
1

dx x x


   

2

2 3

d y 2

dx x


j[D
2

2

dy x 1
0 ; 0

dx x


 

2x 1 0  

   x 1 x 1 0  

x 1, 1  

id'_ 
2

2

d y
x 1, 2 0

dx
  

x = 1 fwBhwK dk fpzd{ j?.

x = 1 s/ cbB dk wkB   1
f 1 1 2

1
  

id'_ 
2

2 3

d y 2
x 1, 2 0

dx 1
     



x = –1 w?e;hwK dk fpzd{ j? ns/ fJ; fpzd{ s/ cbB dk wkB   1
f 1 1 0

1
   


 ;gZ;aN j? fe

cbB dk w?e;hwK dk wkB, fwBhwK d/ wkB s'_ xZN j?.

gq;aB bVh 2

1H j/m fdZs/ cbBK dk tZX s'_ tZX ns/ xZN s'_ xZN w[Zb eZY'.

(i) y = 2x3 – 21x2 + 36x + 10

(ii) (x – 3)3 (x + 1)2

(iii) y = x2 + 4x + 3
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(iv)
3 16

y 4x 10
x

  

(v)    2 2
y x 2 x 3  

2H f;ZX eo' fe cbB y = x5 – 5x4 + 5x3 – 10 dk tZX s'_ tZX w[Zb (Maximum Value) j't/rk

id x = 1 ns/ xZN s'_ xZN w[Zb j't/rk id x = 3 ns/ id x = 0 sK Bk fJ; dk tZX s'_ tZX

w[Zb j't/rk s/ Bk xZN s'_ xZN w[Zb j't/rk.

3H cbB y = x4 – 6x2 – 8x – 1 dk fJBcb?e;aB fpzd{ eZY'.

4H f;ZX eo' fe y = 40 – 6x + x2, fpzd{ x = 2 s/ xZN fojk j?, x = 3 s/ ;fEo j? ns/ x = 5

s/ tZX fojk j?.

4H5 ;ko K; a

fJ; gkm ftZu n;h_ e[M w{b XkoBktK (Basic Concepts) fit/_ tZXdk cbB, xZNdk cbB,

eBe/t (Concave) ns/ eBt/e; (Convex) cbBK pko/ ikDekoh fdZsh rJh j?. w?e;hwK ns/ fwBhwK

gqkgs eoB dh ftXh pko/ th ikDekoh T[dkjoDK d/ e/ fdZsh rJh j?.

4H6 g q; aB

S'N/ gq;aB

(i) tZXd/ ns/ xZNd/ cbB dh gfoGk;ak dZ;'.

(ii) T[go tZb eBe/t cbB s'_ eh Gkt j?.

(iii) fJBcb?e;aB fpzd{ pko/ ikDekoh fdT[.

(iv) fwBhwZw wkB gqkgs eoB bJh fejVhnK d' ;aosK jB.

(v) w?e;hwZw wkB gqkgs eoB bJh fejVhnK d' ;aosK jB.

tZv/ gq;aB

j/m fdZs/ cbBK dk tZX s'_ tZX ns/ xZN s'_ xZN w[Zb eZY'.

1H (i) y = x2 – 4 (ii) (x – 1)2 (x + 3)3

2H f;ZX eo' fe cbB f (x) = x3 – 27x + 108 dh w?e;hww wkB, fwBhww wkB s'_ 108 r[Dk fiankdk

j?.

3H cbB x3 + 2x2 – 4x + 8 dk tZX s'_ tZX w[Zb s/ xZN s'_ xZN w[Zb gsk eo'.

4H f;ZX eo' fe cbB 
1

2x
2x

  dk tZX s'_ tZX w[Zb fJ; d/ xZN s'_ xZN w[Zb s'_ xZN j?.

4H7 gVQB :'r g[;seK

1. C.S. Aggarwal and R.C. Joshi : Mathematics for Students of Economics.

2. S.L. Aggarwal, S.L. Bhardwaj and Inder Kumar : Quantitative Methods

(Punjabi).

3. S.C. Aggarwal and R.K. Rana : Basic Mathematics for Economists.
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(wksokswe ftXhnK)

gkm BzL 1H5 b/fyek L vkH ftgbk u'gVk

;kXkoD ntebiK dh noE-;ak;so ftZu tos'_

(Application of Simple Derivatives in Economics)

o{g-o/yk (Structure)

5H0 G{fwek

5H1 wzst

5H2 noE-;ak;so ftZu tos'_

5H2H1 wzr teo dh YbkB

5H2H2 wzr dh bue

5H2H3 g{osh teo dh YbkB

5H2H4 g{osh dh bue

5H2H5 ;hwKs nkwdB ns/ n";s nkwdB dhnK XkoBktK

5H2H6 ;hwKs bkrs ns/ n";s bkrs dhnK XkoBktK

5H2H7 wzr bue ns/ nkwdB XkoBktK

5H3 ;koK;a

5H4 gq;aB

5H5 gVQB :'r g[;seK

5H0 G { fwe k

gkm BzH 2 ftZu n;h_ ;kXkoD ntebiK pko/ ikDekoh gqkgs ehsh ;h. i/eo y = f (x) fJe

cbB j't/ sK n;h_ ntebi dh wdd Bkb fJe uo ftZu j'Jh spdhbh dh do B{z d{;o/ uo ftZu j'Jh

spdhbh dh do Bkb frnks eo ;ed/ jK. spdhbh dh fJj do ;kB{z ;hwKs dh XkoBk pko/ ;gZ;aN

eodh j?. ntebiK dh XkoBk noE-;ak;so ftZu eJh XkoBktK (Concepts) fit/_ ;hwKs s[;aNhr[D,

;hwKs nkwdB, ;hwKs bkrs, ;hwKs T[sgkdesk nkfd gqkgs eoB ftZu wdd eodh j?. fJ; gkm ftZu

n;h_ ntebiK dh noE-;ak;so ftzu tos'_ pko/ ft;sko Bkb ikDekoh d/tKr/.

5H1 w zst

fJ; gkm dk w[Zy wzst ntebiK dh wdd Bkb j/m fdZshnK XkoBktK gqkgs eoBk j? L

* wzr teo dh YbkB (Slope of Demand Curve)

* wzr dh bue (Elasticity of Supply)

* g{osh teo dh YbkB (Slope of Supply Curve)

* ;hwKs nkwdB ns/ n";s nkwdB dhnK XkoBktK (Concepts of Marginal Revenue

and Average Revenue)

* e[Zb bkrs ns/ n";s bkrs dhnK XkoBktK (Concepts of Marginal Cost and

Average Cost)

44
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* e[Zb bkrs ns/ n";s bkrs bue (Elasticity of Total Cost and Elasticity of

Average Cost)

* wzr bue ns/ nkwdB XkoBktK (Elasticity of Demand and Concept of Revenue)

5H2 noE-;ak;so ftZu tos' _

5H2H1 wzr teo dh YbkB

wzr teo dh YbkB w[Zb ftZu nkJh spdhbh ekoB wzrh wksok ftZu nkJh spdhbh dh do

jz[dh j?. i/eo q = f (p) sK wzr teo dh YbkB 
dp

dq
  j't/rh feT[_fe wzr teo xZNdk cbB j?. fJ;

bJh (-ve) fuzBQ brk fdzd/ jK.

 wzr teo dh YbkB 
dq

dp
 

5H2H2 wzr dh bue

n;h_ wzr dh bue B{z fJ; soQK gqGkf;as eoKr/ L

i/eo q = f (p) fJZe wzr cbB j? fiE/ q fe;/ uhia dh wksok ns/ p T[; dh ehws B{z fBo{gs eod/ jB.

wzr dh bue ;kB{z dZ;dh j? fe t;s{ dh ehws ftZu gqsh;as spdhbh nkT[D Bkb t;s{ dh wzr ftZu fe; do s/

gqsh;as spdhbh nkT[_dh j?. wzr dh bue B{z 
d
 iK e

d
 Bkb do;kfJnk iKdk j?.

wzr dh bue iK 
d
 iK d

P 0

q

q
e Lt

p

p

 






p 0

q p
Lt .

p q 






d

dq p
e .

dp q
 

feT[_fe uhia dh ehws ns/ T[;dh wksok ftZu T[bN ;zpzX j? fJ; bJh 
d
 nZr/ foD (-ve)

fuzB brk fdzd/ jK.

B'N L (i) wzr dh Ykb 
dq

dp
   j? idfe wzr dh bue 

p dq
.

q pq
 

(ii) wzr dh bue, wzr teo d/ jo fpzd{ d/ coe j't/rh.

T[dkjoD 1H i/eo wzr dk fB:w q = 20 – 4p j? sK wzr dh Ykb ns/ wzr dh bue eZY' id'_ p

= 3 j?.

jZbL q = 20 – 4p

wzr dh bue =
t;s{ dh wzr ftZu nB[gkfse spdhbh

t;s{ dh ehws ftZu nB[gkfse spdhbh

dp

q
p



46phHJ/H Gkr shik noE-ftfrnkB L gouk d{ik

dq
4,

dp
  wzr dh Ykb 

dq
4

dp
  

 d

p dq 3
e . 4 p 3

q dp 20 4p
       



   
 d

12 12 3
e 1.5

20 4 3 8 2

T[dkjoD 2H j/m fdZshnK wzr teoK dh Ykb ns/ wzr bue eZY'.

(i) 
7

x
p

 (ii) x 7 8p 

jZbL (i) 

1

27
x 7p

p


 

1

3/22dx d 7
7 p p ,

dp dp 2

   

wzr dh Ykb 
3/2dx 7

p
dp 2

  

3/2
d 1

2

p dx p 7 1
n . p

x dp 2 2
7p





        

(ii) x 7 8p 

dx
8,

dp
  

wzr dh Ykb 
dx

8
dp

  

d

p dx x 7 1
n . . 8

x dp 8 x


    

d

x 7 7 x
n

x x

 
 



T[dkjoD 3H i/eo wzr cbB q = 100 – 2p – 2p2 fdZsk frnk j? sK wzr dh Ykb ns/ wzr dh bue

eZY' id'_ p = 10 j't/.

jZbL q = 100 – 2p – 2p2

dq
2 4p

dp
  
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wzr dh Ykb 
dq

2 4p
dp

   

wzr dh bue 
p dq

.
q dp

 

 
2

p
2 4p

100 2p 2p
   

 

 
d 2

p 2 4p
n

100 2p 2p


 

 

id'_ 
 

d 2

10 2 40 420 7
p 10n

120 2100 20 2.10


     

 

5H2H3 g{osh teo dh YbkB

i/eo q
s
 = f (p) g{osh cbB j? fi; nB[;ko g{osh dh wksok ns/ ehws ftZu f;ZXk ;zpzX j?.

g{osh teo dh Ykb 
s

dp

dq


5H2H4 g{osh dh bue

g{osh dk fB:w t;s{ dh ehws ns/ g{osh ftZu f;ZXk ;zpzX dZ;dk j?. g{osh dh bue ;kB{z

dZ;dh j? fe t;s{ dh ehws ftu gfotosB nkT[D Bkb t;s{ dh g{osh ftu fe; do s/ spdhbh

nkT[_dh j?.

g{osh dh bue si.e.   

iK 
s s

s
s s

dq dqp p
. .

dp q q dp
  

T[dkjoD 4H i/eo q = 10 + 5p2 fJe g{osh cbB fdZsk frnk j? s/ n
s
 frnks eo' id'_ p = 2 ns/

p = 3.

jZbL n;h_ ikDd/ jK fe q = 10 + 5p2

 2dq d
10 5p 10p

dp dp
   

2

s 2 2

dq p p 10p
n . 10p.

dp q 10 5p 10 5p
  

 

j[D (i) i/eo p = 2, sK 
2

s 2

10 2 40 4
1.33

30 310 5 2


    

 

(ii) i/eo p = 3, sK

id'I p = 10

g{osh
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2

s 2

10 2 40 4
1.33

30 310 5 2


    

 
,

2

s 2

10 3 90 18 7
1 1.63

55 11 1110 5 3


     

 

5H2H5 ;hwKs nkwdB ns/ n";s nkwdB dhnK XkoBktK

;hwKs nkwdB (Marginal Revenue), t;s{ d/ T[sgkdB iK fteoh ftZu nkJh spdhbh ekoB

e[b nkwdB (Total Revenue) ftZu nkJh spdhbh dh do j?.

 ;hwKs nkwdB      d d
MR TR qp

dq dq
 

dq dp
MR p q

dq dq
 

n";s nkwdB (Average Revenue) e[Zb nkwdB dk T[sgdkB iK t/uh rJh wksok Bkb

nB[gks jz[dh j?.

e[Zb nkwdB (TR) = q × p = wksok × ehws gqsh fJekJh

 n";s nkwdB (AR) 

T[dkjoD 5H i/eo e[Zb nkwdB R = 14x – x2 j't/ sK n";s nkwdB ns/ ;hwKs nkwdB gsk eo'.

j[D e[Zb nkwdB R = 14x – x2

n";s nkwdB  
214x x

14 x
x


  

;hwKs nkwdB    2d 14x xd R
14 2x

dx dx


   

5H2H6 ;hwKs bkrs ns/ n";s bkrs dhnK XkoBktK

t;s{ d/ T[sgkdB s/ i' youk nkT[_dk j? T[j T[; dh bkrs nytkT[_dh j?. bkrsK fszB fe;w

dhnK jB, Gkt e[Zb bkrs, ;hwKs bkrs ns/ n";s bkrs.

n";s bkrs (AC)  
TC

q


;hwKs bkrs    d TC
MC

dq


;hwKs bkrs e[Zb bkrs ftZu T[sgkdB ekoB nkJh spdhbh B{z efjzd/ jB.

T[dkjoD 6H i/eo e[Zb bkrs cbB TC = 5 + 6x + 3x2 j?.

sK n";s bkrs =
e[b bkrs

x
 

25 6x 3x

x

 


5
AC 6 3x.

x
   
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;hwKs bkrs    d
MC TC

dx


 2d
5 6x 3x

dx
  

6 6x. 

T[dkjoD 7H i/eo e[Zb bkrs cbB TC = x2 – 6x + 30 j't/

sK (i) n";s brks gsk eo'

(ii) n";s bkrs dh Ykb eZY'

(iii) Verify that AC = MC at minimum point of AC curve.

(i)
TC

AC
x



2x 6x 30 30
AC x 6

x x

 
   

(ii) TC = x2 – 6x + 30

   2d x 6x 30d TC
MC

dx dx

 
 

= 2x – 6

 1
Slope of AC curve MC AC

x
 

1 30
2x 6 x 6

x x

      
 

1 30
x

x x

   
 

(iii) For AC function to be minimum, Slope of AC curve = 0

1 30
Slope x 0

x x

    
 

30
x 0

x
  

iK
30

x
x



iK 2x 30 x 6  (Output cannot be –ive)

30
AC x 6

x
   
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id'_
30 30

x 30, AC 6
30

   

AC 2 30 6 

MC 2x 6 

id'_ x 30, MC 2 30 6.  

 AC = MC at minimum point of AC curve.

gq;aB bVh BzH 1

1. Prove that for demand curve pq–a = b, where a, b are constants, n
d
 = –a.

2H e[b bkrs cbB C = .005x3 – .02x2 – 30x + 3000 j?.

(i) e[b bkrs dZ;' id'_ x = 4

(ii) n";s bkrs dZ;' id'_ x = 10

(iii) ;hwKs bkrs dZ;' id'_ x = 3

3. The demand for a certain product is represented by the equation p = 100 – 5q

(i) Find the marginal revenue for any output

(ii) What is MR when q = 0 and q = 4.

5H2H7 wzr bue ns/ nkwdB XkoBktK (Elasticity of Demand and Concept of Revenue)

nkwdB dhnK XkoBktK n";s nkwdB ns/ ;hwKs nkwdB, wzr dh bue Bkb ;zpzfXs ;B.

e[b nkwdB = t;s{ x dh wksok = p. q

;hwKs nkwdB (MR) =
d (e[b nkwdB)

dq
 

 d pq

dq


dp
MR p q.

dq
   ---------------------(i)

(i) wzr dh bue d

p dq
i.e. . .

q dp
  

d

1 q dp
.

p dq
  



 i  s'_ 
d

1
MR p 1

 
   

(ii)
TR pq

AR p
q q

   

(iii) s'_ 
d

1
MR AR 1

 
   
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d

MR 1
1

TR
  



d

1 MR AR MR
1

AR AR


   



d

AR

AR MR
 



(i) i/ MR > 0, sK d 1 

(ii) i/ MR = 0, sK d 1 

(iii) i/ MR < 0, sK d 1 

wzr bue ns/ nkwdB XkoBktK d/ ;zpzX B{z j/mK fdZs/ fuZso okjh_ th do;kfJnk ik ;edk

j?.

T[dkjoD 8H fJe J/ekfXekoh dh wzr o/yk 
50 x

P
5


  j?.

(i) ;hwKs nkwdB eZY'.

(ii) ;hwKs nkwdB eh j't/rh id'_ x = 0 ns/ x = 25

jZbL fdZsh j'Jh wzr o/yk 
50 x

P
5


  j?.

AR
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e[Zb nkwdB 
250 x 50x x

R p.x .x
5 5

     
 

 ;hwKs nkwdB    
2

2dR d 50x x 1 d
MR 50x x

dx dx 5 5 dx

 
     

 

 1 2
MR 50 2x 10 x

5 5
   

id'_ x = 0

MR = 10

id'_ x = 25

MR = 10 – 2/5 x 25 = 0.

T[dkjoD 9H Given the demand function : p = 50 – 3q, show that 
AR

E at p 5
AR MR

 


.

jZbL j[D p 50 3q 

dp
3

dq
  

iK
dq 1

dp 3



p dq p 1
E .

q dp q 3

          

i/eo p = 5,

5 = 50 – 3q  3q = 45 iK q = 15

 p 1 5 1 1
E ........ i

q 3 15 3 9

                         

(i) j[D TR = 50q – 3q2

 TR = 50q – 3q2

   2d TR d
MR 50q 3p 50 6q

dq dq
     

MR 50 6q  

i/eo q 15, p 5 

MR 50 6 15 40     

AR = Price = 5

 
 AR 5 5 1

.......... ii
AR MR 5 40 45 9

   
  



53phHJ/H Gkr shik noE-ftfrnkB L gouk d{ik

(ii) (i) ns/ (ii) s'_

AR
E

AR MR




gq;aB bVh BzH 2

1H i/eo AR = 400 – 2x – 3x2, sK f;ZX eo' 
AR

AR MR
 


 id'_ x = 5 j't/.

2H id'_ p = 100 – 5q sK dZ;' fe 
AR

at p 20.
AR MR

  


5H3 ;ko K; a

fJ; gkm ftZu ;kXkoD ntebiK dh noE-;ak;so ftZu tos'_ pko/ ikDekoh fdZsh rJh j?. wzr

teo dh YbkB ns/ bue, g{osh teo dh YbkB ns/ bue, ;hwKs nkwdB, ;hwKs bkrsK nkfd B{z

gqkgs eoB pko/ ikDekoh T[dkjoD dh wdd Bkb fdZsh rJh j?.

5H4 g q; aB

S'N/ gq;aB

(i) wzr teo dh Ykb s'_ eh Gkt j? <

(ii) g{osh dh bue B{z T[dkjoD d/ e/ dZ;' <

(iii) n";s nkwdB, ;hwks nkwdB ns/ n
d
 ftZu eh ;zpzX j? <

(iv) n
d
 gsk eo' i/eo q = 25 – 4p  – p2 at p = 5.

(v) i/eo 
50 x

P
5


 fJe wzr cbB j't/ sK ;hwKs nkwdB eZY'.

tZv/ gq;aB

(i) Find the elasticity of demand and MR at q = 2 if the demand function is :

q = 30 – 5p – p2.

(ii) Given the demand curve p = 400 – 2q – 3q2, demonstrate the relationship

between marginal revenue and elasticity of demand i.e. MR = (1 – 1/E).

(iii) The total cost function of a firm is given by 
3 21

TC x 7x 110x 50.
3

   

Find out fixed cost, variable cost, average total cost and marginal cost.

5H5 gVQB :'r g[;seK

1. S.C. Aggarwal and R.K. Rana : Basic Mathematics for Economists.

2. Aggarwal and Joshi : Mathematics for Students of Economics.

3. Bhardwaj and Sabharwal : Mathematics for Students of Economics.

4. Balwant Kandoi : Mathematics for Business and Economics with

Applications.

P =



(Matrices)

 (Structure)

(Matrix Algebra)

3x + 4y - 5z = 3

6x - 7y + 2z = 0

A 




L

N
M

O

Q
P

3 4 5

6 7 2

‘A’ (rows) (Column)

54
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“A matrix is an arrangement of mxn numbers consisting of m rows and

n columns. The matrix is called matrix of order mxn (read as ‘m’ by ‘n’).

mxn mxn

a a a a

a a a a

a a a a

n

n

m m m mn m n

11 12 13 1

21 22 23 2

1 2 3

..........

..........

..... ..... ..... .......... .....

..... ..... ..... .......... .....

..........

L

N

M
M
M
M
M
M

O

Q

P
P
P
P
P
P



A m (rows) n (column)

m×n m n (positive

integer) a11, a12, a13....... ‘A’

A = aij, 1 < i < m, 1 < j < n

A 

L

N

M
M
M

O

Q

P
P
P


7 8 9

2 3 4

9 0 2
3 3

B 

L

N

M
M
M

O

Q

P
P
P


3 0 0

0 2 0

0 0 5
3 3

C 

L

N

M
M
M

O

Q

P
P
P


1 2

3 4

5 6
3 2

D = [0 1]1×2

(Diagonal Elements)

i = j a11,

a22, a33........... 

A = (aij) mxn B = (bij)
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nxm A A aij (j, i)th B bij

B=A' A', A

A 
L

N
M

O

Q
P


3 4 1 0

1 3 7 8
2 4

A'

L

N

M
M
M
M

O

Q

P
P
P
P


3 1

4 3

1 7

0 8
4 2

(i) (A')' = A A A

(ii) (A+B)' = A' + B'

( ii i ) (AB)' = B'A'

(Equality of Matrices)

A =(aij) B = (bij)

(i)

(ii) aij = bij

for all i = 1, 2 ........... n j = 1, 2, ........... m

A 
L

N
M

O

Q
P


1 2 3

4 5 6
2 3

B 
L

N
M

O

Q
P


1 2 3

4 5 6
2 3

(Types of Matrices)

(Row Matrix)

A = (1 7 8 3 0)1×5

(Column Matrix)
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B 

L

N

M
M
M
M

O

Q

P
P
P
P


1

0

5

7
4 1

(Square Matrix)

A 
L

N
M

O

Q
P


7 3

2 1
2 2

2x2

(Rectangular Matrix)

A 


 

L

N
M

O

Q
P


1 0 5

2 1 2
2 3

(Diagonal Matrix)

B

b

b

b



L

N

M
M
M

O

Q

P
P
P

11

22

33

0 0

0 0

0 0

, A  

L

N

M
M
M

O

Q

P
P
P

2 0 0

0 1 0

0 0 3

B = diag (b11, b22, b33) A = diag (2, -1, 3)

(Scalar Matrix)

A = (aij) : aij = 0 for i  j

aij = k for i = j

A

7 0 0

0 7 0

0 0 7
3 3

L

N

M
M
M

O

Q

P
P
P

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(Unit Matrix)

A = (aij) : aij = 0 for i  j

aij = k for i = j

A

1 0 0

0 1 0

0 0 1
3 3

L

N

M
M
M

O

Q

P
P
P


(Zero or Null Matrix)

A

0 0 0

0 0 0

0 0 0
3 3

L

N

M
M
M

O

Q

P
P
P


(Symmetric Matrix)

A i j (aij = -aji) 

A

A
x y

y x


L

N
M

O

Q
P
2 2

B 

L

N

M
M
M

O

Q

P
P
P


1 2 3

2 4 5

3 5 6
3 3

(Skew-Symmetric Matrix)

A i j (aij = -aij)

A

A 


L

N
M

O

Q
P


0 7

7 0
2 2

B 

 



L

N

M
M
M

O

Q

P
P
P


1 2 3

2 0 4

3 4 3
3 3

(Upper Triangular Matrix)

A = (aij) aij = 0

for i>j
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B 

L

N

M
M
M

O

Q

P
P
P

1 4 1

0 3 2

0 0 2

a a a a

a a a

a a

a

n

n

n

mn

11 12 13 1

22 23 2

33 3

0

0 0

0 0 0 0

..........

..........

..........

..... ..... ..... .......... .....

L

N

M
M
M
M
M
M

O

Q

P
P
P
P
P
P

(Lower Triangular Matrix)

A = (aij)

Aij = 0 for i < j

1 2 4

0 3 1

0 0 5

L

N

M
M
M

O

Q

P
P
P

3 0 0

5 1 0

4 5 1





L

N

M
M
M

O

Q

P
P
P

(Sub Matrix)

A 




L

N
M

O

Q
P

2 3 4

5 6 7

A1
2 4

5 7


L

N
M

O

Q
P A2

2 3

5 6




L

N
M

O

Q
P A1 A

A2 A

A = (aij) m×n k k A

kA = k(aij)

k A
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A 
L

N
M

O

Q
P

3 1

0 4
k = 2

kA 
L

N
M

O

Q
P

6 2

0 8

(Operations of Matrics)

(Addition of Matrics)

A = (aij) B = (bij) A+B

C = (A+B) cij = aij + bij

A

a a a a

a a a a

a a a a

n

n

m m m mn m n



L

N

M
M
M

O

Q

P
P
P



11 12 13 1

21 22 23 2

1 2 3

.....

.....

.....

B

b b b b

b b b b

b b b b

n

n

m m m mn m n



L

N

M
M
M

O

Q

P
P
P



11 12 13 1

21 22 23 2

1 2 3

.....

.....

.....

C A B

a b a b a b a b

a b a b a b a b

a b a b a b a b

n n

n n

m m m m m m mn mn m n

  

   

   

   

L

N

M
M
M

O

Q

P
P
P



11 11 12 12 13 13 1 1

21 21 22 22 23 23 2 2

1 1 2 2 3 3

.....

.....

.....

(i) (Commulative) A+B = B+A

(ii) (Associative) A, B

C

A + (B + C) = (A + B) + C = A + B + C

A  



L

N

M
M
M

O

Q

P
P
P


1 2 3

0 1 7

2 4 1
3 3

B 





L

N

M
M
M

O

Q

P
P
P


2 1 0

4 5 1

3 1 7
3
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A B 

  

   

   

L

N

M
M
M

O

Q

P
P
P

  

L

N

M
M
M

O

Q

P
P
P

 

1 2 2 1 3 0

0 4 1 5 7 1

2 3 4 1 1 7

3 1 3

4 6 6

5 5 6
3 3 3 3

B A 

   

   

  

L

N

M
M
M

O

Q

P
P
P

  

L

N

M
M
M

O

Q

P
P
P

 

2 1 1 2 0 3

4 0 5 1 1 7

3 2 1 4 7 1

3 1 3

4 6 6

5 5 6
3 3 3 3

A+B = B+A

(Subtraction of Matrics)

A = (aij) B = (bij)

A=(aij)m×n, B=(bij)m×n

C=A-B = (cij)m×n

A
x y

z y


L

N
M

O

Q
P
2 2

B
y x

y y


L

N
M

O

Q
P
2 2

A B
x y y x

z y
 

 



L

N
M

O

Q
P


0
2 2

X 
L

N
M

O

Q
P

1 4

4 1
, Y 

L

N
M

O

Q
P

2 5

5 2
, Z 

L

N
M

O

Q
P

3 3

1 0

4x + 5y - 3z 

4 4
1 4

4 1

4 16

16 4
X 

L

N
M

O

Q
P 

L

N
M

O

Q
P

5 5
2 5

5 2

10 25

25 10
Y 

L

N
M

O

Q
P 

L

N
M

O

Q
P

3 3
3 3

1 0

9 9

3 0
Z 

L

N
M

O

Q
P 

L

N
M

O

Q
P
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4x + 5y - 3z 
4 16

16 4

10 25

25 10

9 9

3 0

L

N
M

O

Q
P 

L

N
M

O

Q
P 

L

N
M

O

Q
P


L

N
M

O

Q
P 

L

N
M

O

Q
P 

L

N
M

O

Q
P

14 41

41 14

9 9

3 0

5 32

38 14

(Comformable)

(aij)m×n (bjk)n×k

i = 1,2,...........m, j=1,2,..............n

j = 1,2,............n, k=1,2,.............k

A B C = AB 

m×n

A 
F
HG

I
KJ



3 4 0

5 6 1
2 3

B 



F

H

G
G

I

K

J
J


7

8

9
3 1

A, 2×3 B, 3×1 AB

BA

AB 
     

     

L

N
M

O

Q
P 

 

 

L

N
M

O

Q
P 

L

N
M

O

Q
P

3 7 4 8 0 9

5 7 6 8 1 9

21 32 0

35 48 9

53

74

A 




L

N
M

O

Q
P


1 2 3

4 2 5
2 3

B 

L

N

M
M
M

O

Q

P
P
P


2 3

4 5

2 1
3 2

AB  BA

AB 
           

           

L

N
M

O

Q
P


1 2 2 4 3 2 1 3 2 5 3 1

4 2 2 4 5 2 4 3 2 5 5 1
2 2

b g b g b g b g b g b g
b g b g b g b g b g b g
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AB 
L

N
M

O

Q
P


0 4

10 3
2 2

BA 

          

          

          

L

N

M
M
M

O

Q

P
P
P

2 1 3 4 2 2 3 2 2 3 3 5

4 1 5 4 4 2 5 2 4 3 5 5

2 1 1 4 2 2 1 2 2 3 1 5

b g b g b g b g b g b g
b g b g b g b g b g b g
b g b g b g b g b g b g

BA 





 

L

N

M
M
M

O

Q

P
P
P


10 2 21

16 2 37

2 2 11
3 3

ABBA

commutative AB=BA 

ABBA

(AB)C=A(BC) (Associative Law)

(Distributive Law)

(a) A (B+C) = AB + AC

(b) (B+C) A = BA + CA

A 
F
HG

I
KJ

1 2

2 3
, B 

F
HG

I
KJ

2 5

3 1
, C 

F
HG

I
KJ

4 3

4 1

(i) A(BC) = (AB)C

(ii) (ABC)' = C'B'A'

(i) BC 
F
HG

I
KJ
F
HG

I
KJ


F
HG

I
KJ

2 5

3 1

4 3

4 1

28 11

16 10

A BC( ) 
F
HG

I
KJ

F
HG

I
KJ


F
HG

I
KJ

1 2

2 3

28 11

16 10

60 31

104 52
..........(i)

AB 
F
HG

I
KJ

F
HG

I
KJ


F
HG

I
KJ

1 2

2 3

2 5

3 1

8 7

13 13
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( ) ,AB C C
F
HG

I
KJ

F
HG

I
KJ


F
HG

I
KJ

8 7

13 13

4 3

4 1

60 31

104 52
..........(ii)

 (i) (ii) A(BC) = (AB)C

(ii) A B C1 1 11 2

2 3

2 3

5 1

4 4

3 1


F
HG

I
KJ


F
HG

I
KJ


F
HG

I
KJ

, ,

C B1 1
4 4

3 1

2 3

5 1

28 16

11 10

F
HG

I
KJ

F
HG

I
KJ


F
HG

I
KJ

C B A1 1 1 28 16

11 10

1 2

2 3

60 104

31 52


F
HG

I
KJ
F
HG

I
KJ


F
HG

I
KJ ...............(iii)

AB 
F
HG

I
KJ

8 7

13 13

ABC 
F
HG

I
KJ

F
HG

I
KJ


F
HG

I
KJ

8 7

13 13

4 3

4 1

60 31

104 52

(ABC)1 = 
60 104

31 52

F
HG

I
KJ ................(iv)

(iii) (iv) (ABC)1 = C1B1A1

A

a b

a c

b c

 

 

L

N

M
M
M

O

Q

P
P
P

0

0

0
A
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i /eo 
A  



L

N

M
M
M

O

Q

P
P
P

4 1

1 0

2 5
5A

A 

L

N

M
M
M

O

Q

P
P
P

1 2 1

3 4 2

1 3 2

B 

 





L

N

M
M
M

O

Q

P
P
P

10 4 1

11 5 6

9 5 1
AB=BA

A 
L

N
M

O

Q
P

2 3

0 1
B 

L

N
M

O

Q
P

3 4

2 1
(AB)1 = B1A1

A  

F

H

G
G

I

K

J
J

2 1 3

1 1 2

1 2 1
A3-2A2-9A=0

A2-2A-9I = 10

A B
F
HG

I
KJ


F
HG

I
KJ

2 3

4 5

3 1

2 5
,

(i) A1+B1

(ii) (A+B)1

(iii) A1B1

A B C
F

HG
I
KJ


F
HG

I
KJ


F

HG
I
KJ

1 2

3 4

1 1

2 3

7 2

2 1
, ,

(i) A(B-C) = AB-AC

(ii) A(BC) = (AB)C

1. Bhardwaj and Sabharwal : Mathematics of Students of Economics

2. Aggarwal and Joshi : Mathematics for Students of Economics

3. S.C. Srivastava & : Quantitative Techniques

Smt. S. Srivastava

4. S.C. Aggarwal & : Basic Mathematics for Economists

R.K. Rana



(Adjoint and Inverse of Matrix)

 (Structure)

(Determinant of a Matrix)

“A determinant is a number associated to a square matrix.”

A

det A |A|

66
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A = [a11]1×1 1×1 det A |A| = |a11| =a11

2×2

A
a a

a a


L

N
M

O

Q
P


11 12

21 22 2 2
2×2

det A/|A| 

2×2

|A| = 
a a

a a

11 12

21 22

|A| a11a22 - a12a21

a11 a21

a11a22 - a12a21

A 




L

N
M

O

Q
P

4 2

3 1
|A| =  

 |A| = (-4)(-1) -(3)(2) = 4 - 6 = -2
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A

a a a

a a a

a a a



L

N

M
M
M

O

Q

P
P
P

11 12 13

21 22 23

31 32 33

| |A

a a a

a a a

a a a



11 12 13

21 22 23

31 32 33

|A|

| |A a
a a

a a
a
a a

a a
a
a a

a a
  11

22 23

32 33
12

21 23

31 33
13

21 22

31 32

= a11(a22a33 - a23a32) - a12(a21a33 - a23a31) + a12(a21a32 - a22a31)

| |A 



 

 

1 1 1

1 1 1

1 1 1

| |A 



 

 


 



 
1
1 1

1 1
1
1 1

1 1
1
1 1

1 1
b g b g

|A| = (1-1) + 1(-1-1) - (1+1)

   = 0 - 2 - 2 = -4

(Direct Method/Sarrus Diagram)

A

a a a

a a a

a a a



L

N

M
M
M

O

Q

P
P
P

11 12 13

21 22 23

31 32 33
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5 1 4

0 2 1

4 1 0





L

N

M
M
M

O

Q

P
P
P

= 0 - 4 + 0 + 32 - 5 + 0 = 23

5 1 4

0 2 1

4 1 0

5
2 1

1 0
1
0 1

4 0
4
0 2

4 1



 


 


= 4(0-1) + 1(0-4) + (0+8)

= -5 -4 + 32 = 23

(Properties of Determinants)

|A| =|A'|

|A| = 
4 3

5 2
 = 4 × 2 - 3 × 5 = 8 - 15 = -7

|A| = 
4 3

5 2
 = 4 × 2 - 5 × 3 = 8 - 15 = -7

(interchanged)
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a a a

b b b

c c c

b b b

a a a

c c c

1 2 3

1 2 3

1 2 3

1 2 3

1 2 3

1 2 3

 

9 8

3 7

8 9

7 3
 

(Scalar) K 

K

  



a a a

b b b

c c c

a a a

b b b

c c c

1 2 3

1 2 3

1 2 3

1 2 3

1 2 3

1 2 3



A  

2 4 6

2 3 3

4 6 5

2

1 2 3

2 3 3

4 6 5

| |A 





0 4 5

0 3 1

0 2 5

0

P

P (even) P

| |A  

1 2 3

2 3 4

1 5 3

6
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| |A  

1 5 3

2 3 4

1 2 3

6

| |A  

1 1

2 2

4 4

0

| |A    
2 1

3 4
8 3 5

2 6 1 8

3 4

8 9

3 4
32 27 5

 
   

 





1 2 2

0 3 0

8 4 16

0

(Adjoint of Matrix)

A A (Co-factor)

m×n A

A

a a a

a a a

a a a

n

n

m m mm m n



L

N

M
M
M
M

O

Q

P
P
P
P



11 12 1

21 22 2

1 2

..........

..........

..........
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A (aij)

(cij) aij cij

C = (cij) C (C)1

A

AdjA C

c c c c

c c c c

c c c c

n

n

m m m mn m n

 

L

N

M
M
M
M

O

Q

P
P
P
P



1

11 12 13 1

21 22 23 2

1 2 3

1
..........

..........

..... ..... ..... .......... .....

..........

AdjA C

c c c

c c c

c c c

m

m

m m mn m n

 

L

N

M
M
M
M

O

Q

P
P
P
P



1

11 12 1

21 22 2

1 2

1
.....

......

..... ..... ..... .....

.....

(Minor of Matrix) (Co-factor of Matrix) :

A

a a a

a a a

a a a



11 12 13

21 22 23

31 32 33

| |A

a a a

a a a

a a a



L

N

M
M
M

O

Q

P
P
P

11 12 13

21 22 23

31 32 33

aij Mij

a11 (Minor) M
a a

a a
11

22 23

32 33

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a12 (Minor) M
a a

a a
12

21 23

31 33


a13 (Minor) M
a a

a a
13

21 22

31 32


a21 (Minor) M
a a

a a
21

12 13

32 33


a22 (Minor) M
a a

a a
22

11 13

31 33


(Co-factor)

(aij)

aij 

aij (-1)i+j aij

Aij M
i j

ij 


1b g

i j

| |A

a a a

a a a

a a a



11 12 13

21 22 23

31 32 33

|A11|=(-1)1+1
a a

a a

22 23

32 33

|A12|=(-1)1+2
a a

a a

21 23

31 33

|A13|=(-1)1+3
a a

a a

21 22

31 32
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|A21|=(-1)2+1
a a

a a

12 13

32 33

A 

F

H

G
G

I

K

J
J

1 0 2

2 1 0

3 2 1

A 

|A|=

1 0 2

2 1 0

3 2 1

A11=(-1)1+1
1 0

2 1
=(1-0)=1

A12=(-1)1+2
2 0

3 1
=-(2-0)=-2

A13=(-1)1+3
2 1

3 2
=+(4-3)=1

A21=(-1)2+1
0 2

2 1
=-(0-4)=+4

A22=(-1)2+2
1 2

3 1
=+(1-6)=-5

A23=(-1)2+3
1 0

3 2
=-(2-0)=-2

A31=(-1)3+1
0 2

1 0
=(0-2)=-2
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A32=(-1)3+2
1 2

2 0
=-(0-4)=+4

A33=(-1)3+3
1 0

2 1
=(1-0)=1

AdjA

T





 



L

N

M
M
M

O

Q

P
P
P

1 2 1

4 5 2

2 4 1

AdjA 



 



L

N

M
M
M

O

Q

P
P
P

1 4 2

2 5 4

1 2 1

w?Nfoe;  dk ft gohs (Inverse of Matrix)

A (Non-Singular) |A|0,

A A A-1

A
adjA

A




1

| |
, |A|0

A-1 = 

A=

2 0 1

5 1 0

0 1 3

L

N

M
M
M

O

Q

P
P
P
 A-1

|A|= 

2 0 1

5 1 0

0 1 3


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|A|=2(3-0)-0(15-0)+(-1)(5-0)=6-5=10

A
AdjA

A



1

| |

Adj A=

A A A

A A A

A A A

T
11 12 13

21 22 23

31 32 33

L

N

M
M
M

O

Q

P
P
P

A11 = 2 (-1)1+1
1 0

1 3
=3

A12 = 0 (-1)1+2
5 0

0 3
=-15

A13 = -1 (-1)1+3
5 1

0 1
=5

A21 = 5 (-1)2+1
0 1

1 3



=-1

A22 = 1 (-1)2+2
2 1

0 3



=6

A23= 0 (-1)2+3
2 1

5 0



=-2

A31 = 0 (-1)3+1
0 1

1 0



=1

A32 = 1 (-1)3+2
2 1

5 0



=-5

A33 = 3 (-1)3+3
2 0

5 1
= 2
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AdjA 



 



L

N

M
M
M

O

Q

P
P
P




 



L

N

M
M
M

O

Q

P
P
P

3 15 5

1 6 2

1 5 2

3 1 1

15 6 5

5 2 2

A
AdjA

A


 



 



L

N

M
M
M

O

Q

P
P
P

1 1

1

3 1 1

15 6 5

5 2 2
| |

A




 



L

N

M
M
M

O

Q

P
P
P

1

3 1 1

15 6 5

5 2 2

A

A B C

B, A AB=BA=I ............(i)

C A AC=CA=I ...........(ii)

A,B,C CAB

CAB=C(AB) = CI = C ............(iii)

CAB=(CA)B = IB = B .............(iv)

(iii) (iv) C = B

(AB)-1 = B-1A-1

(A1)-1 = (A-1)1

A 





 

L

N

M
M
M

O

Q

P
P
P

2 3 0

3 1 2

1 0 4

| |A 







 



2
1 2

0 4
3
3 2

1 4
0
3 1

1 0
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|A| = -8 + 3 (-12-2) + 0 = -8-42 = -50

A11 = (-1)1+1
1 2

0 4




= -4

A12 = (-1)1+2
3 2

1 4



 
= -(-12-2)=14

A13 = (-1)1+3
3 1

1 0
= (0+1)=1

A21 = (-1)2+1




3 0

0 4
= -(12)= -12

A22 = (-1)2+2
2 3

1 4



 
= (-8)=-8

A23 = (-1)2+3
2 3

1 0




= -(0-3)=+3

A31 = (-1)3+1




3 0

1 2
= 6

A32 = (-1)3+2
2 0

3 2
= -(-4)=+4

A33 = (-1)3+3
2 3

3 1



= +(2+9)=11

AdjA

T





 

L

N

M
M
M

O

Q

P
P
P



 



L

N

M
M
M

O

Q

P
P
P

4 14 1

12 8 3

6 4 1

4 12 6

14 8 4

1 3 11
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A
AdjA

A


 




 



L

N

M
M
M

O

Q

P
P
P

1 1

50

4 12 6

14 8 4

1 3 11
| |

A-1 

A

a a

a a

a



L

N

M
M
M

O

Q

P
P
P

0

2 0

0 0

B

a a

a a

a a



L

N

M
M
M

O

Q

P
P
P

0

0 2

0 4

(i) (A-1)-1 = A (ii) (B-1)-1 = B (iii) (AB)-1=B-1A-1

(i) A = 
3 4

5 7

L

N
M

O

Q
P (ii) B = 

1 4 3

4 2 1

3 2 2

L

N

M
M
M

O

Q

P
P
P

(iii) C = 

8 7 6

5 2 9

3 1 4

L

N

M
M
M

O

Q

P
P
P

AA-1 = A-1A = I
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(i) A =
6 8

1 2

L

N
M

O

Q
P (ii) A = 

5 6 4

3 1 7

4 2 8

L

N

M
M
M

O

Q

P
P
P

(i) A =

5 1 1

0 2 2

3 1 4

L

N

M
M
M

O

Q

P
P
P

(ii) B=

4 1 1

3 1 1

1 1 1







L

N

M
M
M

O

Q

P
P
P

A=

  



 



L

N

M
M
M
M

O

Q

P
P
P
P

1 3 3 1

1 1 1 0

2 5 2 3

1 3 0 1

A1= 

0 2 1 3

1 1 1 2

1 2 0 1

1 1 2 6

 



L

N

M
M
M
M

O

Q

P
P
P
P

1. Quantitative Techniques : S.C. Srivastava and

Smt. S. Srivastava

2. Basic Mathematics for Economists : Dr. S.C. Aggarwal and

Dr. R.K. Rana



phHJ/H Gkr shik noE-ftfrnkB L gouk d{ik
(wksokswe ftXhnK)

gkm BzL 1H8 b/fyek LvkH ftgbk u'gVk

;wekbh ;wheoBK dk jZb
(Solution of Simultaneous Equations)

o{g-o/yk (Structure)
8H0 G{fwek

8H1 wzst

8H2 ;wekbh ;wheoBK ~ jZb eoB d/ sohe/

8H2H1 w?Nfoe; T[bN dk sohek (Matrix Inverse Method)

8H2H2 eo?wo fB:w (Crammer's Rule)

8H3 ;kokF

8H4 gqFB

8H4H1 S'N/ gqFB

8H4H2 bzw/ gqFB

8H5 gVQB :'r g[;seK

8H0 G{fwek
gkm Bzl 4 ftZu n;h_ w?NfoFi pko/ ikDekoh gqkgs ehsh ;h. fJ; gkm ftZu n;h_

;wekbh ;wheoBK ~ jZb eoKr/ fi; bJh w?Nfo;} ns/ fBoXkoe dh tos'_ th ehsh ik ;edh

j?. wzB bT[ ;kv/ gk; d' BK wkb{w uoK bJh d' ;wekbh bhfBno ;wheoBK jB

a x b y c1 1 1 0   ..........(i)

a x b y c2 2 2 0   ........(ii)

(i) ns/ (ii) ~ n;h_ ;wekbh ;wheoBK efjzd/ jK. (i) ns/ (ii) together are called

simultaneous equations as there will be only one pair of values satisfying both the

equations simultaneously)H

j[D n;h_ fszB BK wkb{w uoK bJh fszB ;wekbh ;wheoBK b?_d/ jK.

a X a X a X b11 1 12 2 13 3 1  

a X a X a X b21 1 22 2 23 3 2  

a X a X a X b31 1 32 2 33 3 3  

X X X1 2 3, ,  d/ w[Zb i/ fJe' ;w/_ ;kohnK ;wheoBK ~ g{ok eod/ jB T[BQK ~ ;wekbh

;wheoBK dk jZb nkfynk iKdk j?.

fJ;/ soQK j[D n Bk-wkb{w uoK bJh ;wekbh bhfBno ;wheoBK ~ w?Nfoe; d/ sohe/

Bkb fbfynk ik ;edk j?.

a X a X a X bn11 1 12 2 11 1           

a X a X a X b21 1 22 2 2n 2           ,

a X a X a X bn n n n n n1 1 2 2           

n

81
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X X X xn1 2 3, ,      d/ w[Zb i' fJe' ;w/_ ;kohnK ;wheoBK ~ g{ok eod/ jB T[BQK ~

;wekbh ;wheoBK dk jZb nkfynk iKdk j?.

8H1 wzst L fJ; gkm dk w[Zy wzst ;wekbh ;wheoBK ~ jZb eoBk j?.
8H2 ;wekbh bhfBno ;wheoBK ~ jZb eoB d/ sohe/ L

;wekbh bhfBno ;wheoBK ~ jZb eoB d/ j/m fby/ sohe/ jB L

(T) w?Nfoe; T[bN dk sohek (Matrix Inverse Method)

(n) eo?wo fB:w (Crammer's Rule)

8H2H1 w?Nfo; T[bN dk soheK
;wekbh ;wheoBk ~ jZb eoB bJh w?Nfoe; T[bN dk sohek fJ; soQK j?. wzB bU

;kv/ gk; fszB bhfBno ;wheoBK jB fiBQK ~ n;h_ jZb eoBk j?, noEks X X1 2, ns/ X3

dk w[Zb gsk eoBk j?.

a X a X a X b11 1 12 2 13 3 1  

a X a X a X b21 1 22 2 23 3 2  

a X a X a X b31 1 32 2 33 3 3  

fJBQK ;wheoBK ~ n;h_ w?Nfoe; d/ sohe/ Bkb fby ;ed/ jK.

A X = B

fiE/ A

a a a

a a a

a a a

X

X

X

B

b

b

b



L

N

M
M
M

O

Q

P
P
P
 

L

N

M
M
M

O

Q

P
P
P



L

N

M
M
M

O

Q

P
P
P

11 12 13

21 22 23

31 32 33

1

2

3

1

2

3

, ,

i/eo A  0sK w?Nfoe; T[bN d/ sohe/ Bkb ;wheoBK dk jZb j/m fdZs/ sohe/ okjh_

gsk ehsk ik ;edk j?.

X A B
1 , fiE/ A 1 w?Nfoe; dk T[bN j?.

A
AdjA

A

a a a

a a a

a a a

A

T


 

L

N

M
M
M

O

Q

P
P
P

1

11 12 13

21 22 23

31 32 33  fiZE/ A A A cofactors11 12 13 .......  jB.

T[dkjoD 1 j/m fdZshnK ;wheoBK ~ w?Nfoe; T[bN d/ sohe/ Bkb jZb eo'.

5 4 261 2x x 

2 7 321 2x x 

jZb L j[D 5 4 261 2x x  d' fdZshnK j'JhnK ;wheoBK jB.

2 7 321 2x x 

i/eo fJBQK ;wheoBK ~ n;h_ w?Nfoe; d/ sohe/ Bkb fbyhJ/ sK A X B
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fiE/ A
X

X
B

L
NM

O
QP
 

L
NM

O
QP


L
NM

O
QP

5 4

2 7

26

32

1

2

, ,

AX B

iK X A B
1

A
AdjA

A




1

A    
5 4

2 7
35 8 27

AdjA

T






L
NM

O
QP






L
NM

O
QP

7 2

4 5

7 4

2 5

A
AdjA

A
A

 
1 0,

A






L
NM

O
QP






L

N

M
M
MM

O

Q

P
P
PP

1 1

27

7 4

2 5

7

27

4

27
2

27

5

27

X A B 





L

N

M
M
MM

O

Q

P
P
PP

L
NM

O
QP

1

7

27

4

27
2

27

5

27

26

32

X

X

1

2

182

27

128

27
52

27

160

27

2

4

L
NM

O
QP







L

N

M
M
MM

O

Q

P
P
PP


L
NM

O
QP

Hence x1 2  ns/ x2 4

Check Substituting these values in the original equations

5 (2) + 4 (4) = 26

2 (2) + 7 (4) = 32

T[dkjoD 2 L j/m fdZshnK ;wheoDK ~ w?Nfoe; T[bN d/ sohe/ Bkb jZb eo'.

2 3 7

4 2 10

x y

x y

 

 

fJBQK ;wheoBK ~ w?Nfoe; d/ sohe/ Bkb fby'.
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A X B  fiE/

A
x

y
B

L
NM

O
QP
 

L
NM

O
QP


L
NM

O
QP

2 3

4 2

7

10
, ,

j[D A 
L
NM

O
QP
   

2 3

4 2
4 12 8

feT[_fe A  0 n;h_ A 1 dk gsk eo ;ed/ jK fe

A
AdjA

A

A A

A A

A


 

L
NM

O
QP1

11 21

12 22

A a11 11  sZs dk e'c?eNo   
( ) ( )1 2 21 1

A a12 12  sZs dk e'c?eNo    
( ) ( )1 4 41 2

A a21 21  sZs dk e'c?eNo    
( ) ( )1 3 32 1

A a22 22  sZs dk e'c?eNo   
( ) ( )1 2 22 2

A






L
NM

O
QP
 





L

N

M
M
M

O

Q

P
P
P

1 2 3

4 2
8

1

4

3

8
1

2

1

4

X A B
1


L
NM

O
QP


x

y





L

N

M
M
M

O

Q

P
P
P

1

4

3

8
1

2

1

4

 
7

10

7

4

30

8
7

2

10

4

2

1

L
NM

O
QP







L

N

M
M
M

O

Q

P
P
P


L
NM

O
QP

  x y2 1,

T[dkjoD 3 L j/mK fdZshnK ;wheoBK ~ w?Nfoe; T[bN d/ sohe/ Bkb jZb eo'.

x y z

x y z

x y z

  

   

   

2 3 1

2 2 1

3 4 5

jZb L

 

x y z

x y z

x y z

  

   

   

2 3 1

2 2 1

3 4 5

-8

-
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i/eo fJBQK ;wheoBK ~ n;h_ w?Nfoe; d/ sohe/ Bkb fbyhJ/ sK A X B

fiE/ A X

x

y

z

B





 

L

N

M
M
M

O

Q

P
P
P



L

N

M
M
M

O

Q

P
P
P

 



1 2 3

2 1 2

3 1 4

1

1

5

, ,

j[D A 





 

1 2 3

2 1 2

3 1 4

A         1 4 2 2 8 6 3 2 3( ) ( ) ( )

A      6 4 15 25

A
AdjA

A




1

AdjA

C C C

C C C

C C C

T



L

N

M
M
M

O

Q

P
P
P

11 12 13

21 22 23

31 32 33

 i.e. Adjoint dk gsk eoB bJh n;h_ fJ; e'c?eNo w?Nfoe;

dk NoK;g'} btKr/.

c11

1 1
1 4 2 6     

b g b g c21

2 1
1 8 3 11    

b g b g

c12

1 2
1 8 6 2     

b g b g c21

2 2
1 4 9 13     

b g b g

c13

1 3
1 2 3 5     

b g b g c23

2 3
1 1 6 5     

b g b g

c x31

3 1
1 4 3 1   

b g b g

c32

3 2
1 2 6 8     

b g b g

c33

3 3
1 1 4 5   

b g b g

AdjA

T



 

  

L

N

M
M
M

O

Q

P
P
P


 



 

L

N

M
M
M

O

Q

P
P
P

6 2 5

11 13 5

1 8 5

6 11 1

2 13 8

5 5 5

2

c
31

 = (-1)3+1 (x4-3)=1

c
32

 = (-1)3+2 (-2-6)=+8
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A 


 



 

L

N

M
M
M

O

Q

P
P
P



1

6 11 1

2 13 8

5 5 5

25

 =

6

25

11

25

1

25
2

25

13

25

8

25
1

5

1

5

1

5



 



L

N

M
M
M
M
M
M

O

Q

P
P
P
P
P
P

X A B 



 



L

N

M
M
M
M
M
M

O

Q

P
P
P
P
P
P





L

N

M
M
M

O

Q

P
P
P


 

  

  

L

N

M
M
M
M
M
M

O

Q

P
P
P
P
P
P





L

N

M
M
M

O

Q

P
P
P

1

6

25

11

25

1

25
2

25

13

25

8

25
1

5

1

5

1

5

1

1

5

6 11 5

25
2 13 40

25
5 5 5

5

0

1

1

   x y z0 1 1, ,

gqFB bVh 1

1H j/m fdZshnK ;wheoBK ~ w?Nfoe; T[bN d/ sohe/ Bkb jZb eo'.

2 3 9

6

2

x y z

x y z

x y z

  

  

  

2H j/m fdZshnK ;wheoBK ~ w?Nfoe; T[bN d/ sohe/ Bkb jZb eo'.

3 3 12

5 2 9

2 3 8

x y z

x y z

x y z

  

  

  

8H2H2 eo?wo fB:w (Crammer's Rule)

r?pfob eo?wo (Gabriel Crammer) fJe ;ft; rfDs-Fk;soh j'J/ jB fiBQK B/

bhfBno ;wheoBK ~  jZb eoB dk sohek dZf;nk j? fi; ~ eo?wo d/ fB:w Bkb ikfDnk

iKdk j?. fJ; fB:w ftZu fBoXkfoe dh ;jkfJsk bJh iKdh j?. wzB bT[ ;kv/ gk; fszB

bhfBno ;wheoBK jB.

a X a X a X b11 1 12 2 13 3 1  

a X a X a X b21 1 22 2 23 3 2    A X B

a X a X a X b31 1 32 2 33 3 3  
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fiE/ A

a a a

a a a

a a a

X

X

X

B

b

b

b



L

N

M
M
M

O

Q

P
P
P
 

L

N

M
M
M

O

Q

P
P
P



L

N

M
M
M

O

Q

P
P
P

11 12 13

21 22 23

31 32 33

1

2

3

1

2

3

, ,

 A

a a a

a a a

a a a

11 12 13

21 22 23

31 32 33

X
A

A

b a a

b a a

b a a

A
1

1

1 12 13

2 22 23

3 32 33
 

X
A

A

a b a

a b a

a b a

A
2

2

11 1 13

21 2 23

31 3 33
 

X
A

A

a a b

a a b

a a b

A
3

3

11 12 1

21 22 2

31 32 3
 

T[dkjoD 4 L j/m fbyhnK ;wheoBK ~ eo?wo d/ sohe/ Bkb jZb eo'.

20 30 190

5 10 600

1 2

1 2

x x

x x

 

 

jZb L fJBQK ;wheoBK ~ w?Nfoe; d/ sohe/ Bkb fby'.

A X B

fiE/ A
x

x
and B

L
NM

O
QP
 

L
NM

O
QP


L
NM

O
QP

20 30

5 10

190

60

1

2

,

j[D x
A

A
1

1
 , x

A

A
2

2


A    
20 30

5 10
200 150 50

X

X
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A1

190 30

60 10
1900 1800 100   

A2

20 190

5 60
1200 950 250   

x
A

A
1

1 100

50
2   , x

A

A
2

2 250

50
5  

  x x1 22 5,

T[dkjoD 5 L j/m fbyhnK ;wheoBK ~ eo?wo d/ sohe/ Bkb jZb eo'.

3 2 4

3 6

5 3 2

1 2 3

1 2 3

1 2 3

x x x

x x x

x x x

  

   

  

jZb L fJBQK ;wheoBK ~ w?Nfoe; d/ sohe/ Bkb fby'.

A X B

fiE/ A

X

X

X

B



 



L

N

M
M
M

O

Q

P
P
P
 

L

N

M
M
M

O

Q

P
P
P



L

N

M
M
M

O

Q

P
P
P

3 2 1

1 1 3

5 3 1

4

6

2

1

2

3

, ,

j[D A 



 



       

   

3 2 1

1 1 3

5 3 1

3 1 9 2 1 15 1 3 5

24 32 8 48

( ) ( ) ( )

   A1

4 2 1

6 1 3

2 3 1

4 1 9 2 6 6 1 18 2

32 0 16 48








        

   

( ) ( ) ( )

A2

3 4 1

1 6 3

5 2 1

3 6 4 1 15 1 2 30

0 64 32 96





       

   

(6 ) ( ) ( )

A3

3 2 4

1 1 6

5 3 2

3 2 18 2 2 30 4 3 5

48 64 32 144
  



L

N

M
M
M

O

Q

P
P
P

       

   

( ) ( ) ( )

X
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eo?wo d/ fB:wK dh tos'_ eoe/

X
A

A
1

1 48

48
1  

X
A

A
2

2 96

48
2  

X
A

A
3

3 144

48
3  

gqFB bVh BzL 2

j/m fdZshnK ;wheoBK ~ eo?wo d/ fB:w Bkb jZb eo'.

(i) 2 1x y x z 

x y z  2 15.

2 5 9y z 

(ii) x x y z2 2 

3 4 2 1x y z  

   x y z3 4

8H3 ;koKF

fJ; gkm ftZu n;h_ d' iK fszB Bk wkb{w uoK tkb/ bhBhno ;wekbh ;wheoBk jZb

d' sohfenK Bkb (fit/_fe w?Nfoe; T[bN dk sohek (Matrix Inverse Method) ns/ eo?wo

fB:w (Crammer Rule) gqkgs eoB pko/ T[dkjoDK ;fjs ikDekoh fdZsh j?. d'BK sohfenK

Bkb ;wheoBK dk jZb fJe' jh nkT[_dk j?.

8H4 gqFB

8H4H1 S'N/ gqFB
(i) w?Nfoe; T[bN sohe/ s'_ eh Gkt j?<

(ii) Crammer Rule pko/ ikDekoh fdT[.

8H4H2 bzw/ gqFB

1H j/m fdZshnK ;wheoBK ~ w?Nfoe; T[bN d/ sohe/ okjh_ jZb eo'.

x y z  2 3 1

3 4 3x y z  

2 2 1x y z   

2H j/m fdZshnK ;wheoBK ~ eo?wo fB:w Bkb jZb eo'.

2 3

3 18

1 2

1 2

x x

x x

 

  

X
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3H j/m fdZshnK ;wheoBK ~ w?Nfoe; T[bN ns/ eo?wo fB:w Bkb jZb eo'.

3 4 5

2 3 4

2 9

x y z

x y z

x y z

  

  

  

4H j/mK fdZshnK ;wheoBK ~ w?Nfoe; T[bN ns/ eo?wo fB:wK Bkb jZb eo'.

x y z

x y z

x y z

  

  

  

6

2

2 1

8H5 gVQB :'r g[;seK

1. C.S. Aggarwal and R.C. Joshi : Mathemati\cs for Students of Economics.

2. O.P. Bhardwaj and J.K.Sabharwal : Mathematics for Students of

Economics.
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(wksokswe ftXhnK)

gkm BzL 1H9 b/fyek LvkH ftgbk u'gVk

e/_doh gqftosh d/ wkg
(Measures of Central Tendency)

o{g-o/yk (Structure)
9H0 G{fwek

9H1 wzst

9H2 n";sK dhnK fe;wK

9H2H1 rfDse n";s

9H2H2 wkfXek

9H2H3 e[nkoNkJhb}, vh;kJhbi ns/ go;/_NkJhb}

9H2H4 w'v

9H3 ;koKF

9H4 gqFB

9H5 gVQB :'r g[;seK

9H0 G{fwek
nzefVnK ~ fJeZmk eo e/ T[BQK ~ bVhnK fuZsoK iK b/yK fuZsoK dh Feb d/ e/, T[BQK

dk torheoB ns/ ;koDheoB eoBk jh ;k~ b'Vh_d/ f;ZN/ gqkgs Bjh_ eotk ;edk. fJ; bJh

n;h_ fJe nfijk nzeVk bZGd/ jK fijVk v?Nk iK bVhnK dhnK w[Zy ftF/FskJhnK gqrN eo

d/t/. fJj nzefVnk ~ nfij/ Yzr Bkb fsnko eodk j? fe fJj fJe nzeVk jh e[Zb nzefVnK

~ g/F e o/.  fJ j  wkg n kw s "o s / fe ; / t zv  (distribution) d/ wZX ftu j[zdk j?. fJ; bJh

fJjBK ~ e/_doh gqftosh iK n";s (Average) nkfynk iKdk j?. n";s fe;/ bVh dh gqfsfBX

j[zdh j?. e/_doh gqftosh d/ wkg iK n";s dh gfoGkFk tZy-tZy nzeVk ftfrnkBhnK B/ tZy-tZy

fdZsh j?.

"An average is a figure that represents the whole group." Clark

"An average value is a single value within the range of the data that is used to

represent all the values in the series. Since the average is somewhere within the range

of the data, it is something called a measure of central value."

-Croxten and Cowden

9H1 wzst
fJ; gkm dk w[Zy wzst n";s gqkgs eoBk j? fijV/ fe nzefVnK ~ fJZe ;zfynk ftZu

gqrN eod/ jB. nzeVk ftfrnkB d/ j'o wkg fit/_ fe ;fj ;zpzX (correlation), n";s ftubD

(Mean Deviation) nfkd th n";s s/ nXkfos jB. fJ; bJh n";sK dh tos'_ }o{oh j' iKdh

j?. e/_doh gqftosh okjh_ n;h_ ;w[Zu/ v?N/ dk ;koKF fJe n";s okjh_ do;kT[_d/ jK fi; Bkb

s[bBk nk;kB j' iKdh j?.

91
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uzrh e/_doh gqftosh iK n";s dhnK ftF/FsktK
fJe uzrh n";s dhnK j/m fbfynK ftF/FskJhnK j'DhnK ukjhdhnK jB L

gq'L :{b ns/ e?ivb nB[;ko, fJe n";s ftZu j/m fby/ r[D j'D/ ukjhd/ jBL

1) mhe gqGkfFs j't/.

2) ;kohnK ikuK s/ nXkfos j't/.

3) ;wMD ftZu ;ob j't/.

4) nbipoh ftt/uD (Algebraic treatment) ehsk ik ;e/.

5) j'o nzeVJh rDBk ftZu ;jkfJe j't/.

6) o/yk fuZso d[nkok w[Zb gqkgs ehsk ik ;e/.

7) fJ; s/ pj[s tZv/ iK pj[s S'N/ w[ZbK dk f}nkdk gqGkt Bjh_ j'Dk ukjhdk.

9H2 n";s dhnK fe;wK
n";s dhnK fe;wK

(_Types of Averages)

Mathematical Averages Positional Averages

Arthmetic Geometric Harmonic     Median    Mode

   Mean    Mean    Mean

fJ; gkm ftZu n;h_ n";s dhnK fszB fe;wK :kBh rfDse n";s, wkfXek ns/ w'v dk

ft;Eko g{ote nfXn?B eod/ jK.

9H2H1 rfDse n";s (Arithmetic Mean)
rfDse n";s ;ko/ nzefVnK dk gqshfBXst eodh ;G s'_ nk;kB wkg j? ns/ ;G s'_

t X t os h i kD t kb h n "; s  j ?.  i / @X# uo, X
1
, X

2
, X

3
.....X

n
, n w[Zb b?_dk j? sK n";s j/m fdZs/

;{so okjh_ gqkgs ehsh iKdh j?.

Arithmetic Mean A M
x x x

n

x

n

n( . .)
........


  


1 2

fJZE/ x x x xn , , ........1 2  uoK d/ w[ZbK dk i'V j?.

n = uoK d/ w[ZbK dh e[b frDsh j?.

Arithmetic Mean is defined as sum of the different values of variables divided by

number of these values.

rfDse n";s dk fBoXkoD (Determination of Arithmetic Mean) L
(a) ftneshrs bVh (Individual Series)
1H gqsZy ftXh (Direct Method)

fit/_ fe T[Zgo dZf;nk frnk j? fJ; ftXh d/ nB[;ko rfDse n";s eZYD dk ;{so

(Formula) j/m fdZs/ nB[;ko j?.

A M i.e X
x

n
. . . 


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2 H ;zy/g ftXh (Short cut Method)
fJ; ftXh nB[;ko rfDse n";s gsk eoB dk ;{so (Formula) j/m fdZs/ nB[;ko j?.

A M i.e X A
d

n

x
. . .  



fJE/ A = ebfgs n";s (Assumed Mean) j?.

d X A Xx     d/ w[Zb ns/  A ftZu nzso

d X A dx x    d/ ;ko/ w[ZbK dk i'V

N X  bVh ftZu wdK dh e[b frDsh

T[dkjoD L 1H j/m fdZs/ nzefVnK dk rfDse n";s gsk eo'.

Marks 30 41 47 54 23 34 37 51 53 47

jZb L j[D X
X

n



X  = 30 + 41 + 47 + 54 + 23 + 34 + 37 + 51 + 53 + 47 = 417

N = 10

  X
417

10
417.

T[dkjoD 2 L j/m fdZs/ nzefVnK dk rfDse n";s gsk eo'.
X : 14 16 20 22 24

jZb L (Solution)

X d X Ax   d1 x = 2

A = 20

14 -6 -3

16 -4 -2

20 0 0

22 2 1

24 4 2

dx   4 d x
1 2 

Direct Method

X
x

N

X



 



96

5
192.
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Short Cut Method

X A
fx

N
 



 


20
4

5

= 20 - .8

X   19.2

Deviation Method

X A
d

N
i

x
i

  


 


20
2

5
2

 20
4

5

= 20 - .8

X   19.2

(b) Discrete Series (yzfvs bVh)
yzfvs bVh ftu rfDse n";s gqkgs eoB d/ j/m fby/ sohe/ jB.

(i) gqsZy ftXh (Direct Method)
fJ; ftXh d/ nB[;ko n";s gqkgs eoB d/ j/m fdZsk ;{so j?.

X
fx

N



(ii) ;zy/g ftXh (Short Cut Method)

X A
fd

N
 



fJE/ A = ebfgs n";s

N = ;kohnK pkozpkosk dk i'V

(iii) gd ftubB ftXh (Step Deviation Method)

X A
fd

N
C  


1

fiE/ d
X A

C

1




C = Common Factor.
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T[dkjoD 3L j/m fdZs/ nzefVnK Bkb n";s eZY' L
Marks : 20 30 40 50 60 70

No. of Students : 8 12 20 10 6 4

jZb L Marks    No. of Students

X f X-40=d fd

20 8 -20 -160

30 12 -10 -120

40 20 0 0

50 10 +10 100

60 6 +20 120

70 4 30 120

f  60 fd  60

X A
fd

N
    


40

60

60
41

(c) nyzfvs bVh (Continuous Series)
nyzfvs bVh T[; bVh ~ efjzd/ jB fi; ftZu jo/e uo fBozso uo j't/. fJ; ftZu

n";s ~ fszB sohfenK Bkb eZfYnk ik ;edk j?.

( i) gqsZy ftXh (Direct Method)
fJ; ftXh nB[;ko n";s eZYD dk j/mK fdZsk ;{so (Formula) gq:'r ehsk iKdk j?.

X
fm

N



fiE/ m = x uo d/ jo tor dk wZX fpzd{ (Mid Point) j?.

fm = jo wZX fpzd{ ~ ;pzfXs pkozpkosk Bkb r[DK j?.

fm fm   ekbw d/ ;ko/ w[ZbK dk i'V

N = ;kohnK pkozpkosk dk i'V j?.

(ii) ;zy/g ftXh (Short Cut Method)

fJ; ftXh nB[;ko n";s i.e x A
fdm

N
.  



fJE/ A = ebfgs n";s j?.

d m Am     wZX fpzd{ ns/ A  ftu nzso j?.

fd dm m  ~ ;zpzfXs pkozpkosk Bkb r[Dk j?.

fd fdm m   ekbw d/ ;ko/ w[ZbK dk i'V j?.
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(iii) gd ftubB ftXh (Step Deviation Method)

fJj ftXh ;zy/g ftXh tKr jh j?. id'_ dm ftZu e'Jh ;KMk r[DBcb (Common factor)

j't/ sK n";s gsk eoB bJh j/m fdZs/ ;{so dk gq:'r ehsk iKdk j?.

X A
fd

N
C  


1

 fJE/ d
m A

C

1




fiE/ C = ;KMk r[DBcb j?.

T[dkjoD L 4
x : 10-13 13-16 16-19 19-22 22-25 25-28 28-31 31-34 34-37 37-40

f : 8 15 27 51 75 54 36 18 9 7

jZb L

X m f
m d235

3

.
fd

10-13 11.5 8 -4 -32

13-16 14.5 15 -3 -45

16-19 17.5 27 -2 -54

19-22 20.5 51 -1 -51

22-25 23.5 75 0 0

25-28 26.5 54 1 54

28-31 29.5 36 2 72

31-34 32.5 18 3 54

34-37 35.5 9 4 36

37-40 38.5 7 5 35

N = 300 fd 69

X A
fd

N
C      


235

69

300
3 2419. .

Mathematical Properties of Mean

1H X uo d/ jo/e w[Zb dk n";s s'_ coe dk i'V jw/Fk iho' (0) j[zdk j?.

i.e. x x  e j 0

2H X uo d/ jo/e w[Zb dk n";s s'_ coe d/ Square dk i'V jw/Fk xZN s'_ xZN j[zdk j?.

i.e. The Sum of the Square of deviation of the items from arithmetic mean is

minimum or X X  e j
2

0  is minimum.

3H i/ d' iK d' s'_ f}nkdk T[g ;w{jK dhnK n";sK dk gsk j't/ sK ;z:'fis (combined)

eZYD bJh j/m fdZs/ ;{so (Formula) dh tos'_ ehsh iKdh j?.
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X
n X n X

n n
12

1 1 2 2

1 2






fiE/ X12 Combined mean of the two groups.

X1   arithmetic mean of the first group.

X2   arithmetic mean of the second group.

n1  = number of items in the first group.

n2  = number of items in the second group.

rfDse n";s d/ r[D (Merits of Arithmetic Mean)
1H fJj nkw s"o s/ nk;kBh Bkb ;wMh ns/ jZb ehsh ik ;edh j?.

2H fJj ;gFN s"o s/ gfoGkfFs ns/ fBFfus j[zdh j?.

3H fJ; dk nbipoh ftt/uB (Algebraic treatment) th j' ;edk j?.

4H fJ; ftu bVh d/ ;ko/ nzefVnK dh tos'_ ehsh iKdh j?. fJ; bJh fJj n"Fs nzefVnK

dh tX/o/ gqshfBXsk eodh j?.

rfDse n";s d/ n"r[D (Demerits of Arithmetic Mean)
1H uow w[ZbK (Extreme Values) dk u'yk gqGkt g?_dk j?.

2H fJ; n";s dk wkg T[; jkbs ftZu jh ;zGt j[zdk j? i/eo ;k~ ;kohnK wdK (items)

gsk j't/.

9H2H2 wkfXek (Median)
wkfXek (Median) Fpd s'_ Gkt j? wZX tkbh okFh noEks fJj T[j ok;h j? fijVh

bVh (Series) ~ d' ;wkB GkrK ftu tzv fdzdh j?.

Secrist d/ nB[;ko, "Median of a series is the value of the item actual or esti-

mated when a series is arranged in order of magnitude which divides the distribu-

tion into two parts."

wkfXek wd dk T[j w[Zb j? i' ;w{j ~ nfij/ d' GkrK ftZu tzvdk j? fe fJZe Gkr

dhnK wdK d/ w[Zb T[; s'_ tZX ns/ d{i/ Gkr dhnK wdK d/ w[Zb T[; s'_ xZN j[zd/ jB.

wkfXek ~ eZYDk (Calculation of Median)
(a) ftneshrs bVh (Individual Series)
(i) id'_ wZdK dh frDsh odd j't/ (When number of items i.e. N is odd)

id'_ wZdK dh frDsh odd j't/ sK wkfXek j/m fby/ ;{so (Formula) okjh_ eZfYnk ik

;edk j?.

Median = Size of 
N th
1

2
 items, where N = Number of items

T[dkjoD ti'_ i/eo N = 11

Median = Size of 
N th
1

2
 items = Size of 

11 1

2
6




th
 items.

( )

( )



phHJ/H Gkr shik noE-ftfrnkB L gouk d{ik98

(ii) id'_ wZdK dh frDsh even j't/ (When N is even)

id'_ wZdK dh frDsh even j't/ sK wkfXek d' e/_doh wZdK d/ ftueko ftdwkB j't/rh.

fJj d' wZdK 
N

2
 ns/ 

N th
 2

2
 wZdK j'DrhnK ns/ wkfXek fJBQK d'tK d/ nkeko dh ;hwKs n";s

j't/rh.

T[dkjoD ti'_ i/eo N = 8 j't/.

sK Median
item itemth th


4 5

2

r[DBK d/ gr
(1) wdK uVQd/ iK bfjzd/ eqw ftZu oZy'.

(2) wdK dh frDsh eo'.

(3) wkfXek dk ;[so brkU.

T[dkjoD 5 L Find the value of the median from the following data.

12 14 28 10 2 25

jZb L Arrange the terms in accending order.

2 10 12 14 25 28

N
N

 6
2

3,

N
or

 2

2

N

2
1 3 1 4   

Mean of 3rd and 4th item = 
12 14

2

26

2
13


 

 Median 13

(b) yzfvs bVh (Discrete Series)
rDBk d/ gr

(i) nzefVnK ~ uVQd/ eqw (Ascending Order) iK T[sod/ eqw (Descending Order)

ftu fby'.

(ii) fdZshnK pkozpkosk (Frequencies) s'_ ;zfus pkozpkosk (Cumulative Frequencies)

eZY'.

(iii) Median dk wZd 
N 1

2
 gqkgs eo'.

(iv) j[D ;zfus pkozpkosk tkb/ ekbw ~ t/y' ns/ whvhnB wZd bG' fijVk 
N 1

2
 d/ pokpo

j't/ iK T[; s'_ next higher j't/.

(v) fJj w[Zb whvhnB j't/rk.

T[dkjoD 6 L j/m fds/ nzefVnK s'_ wkfXek gsk eo'.
Income (Rs.) : 4,000 4,500 5,800 5,060 6,600 5,380

No. of Persons : 24 26 16 20 6 30

( )
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jZb L
Income No. of Persons Cumulative Income f c.f.

arranged in f frequency

ascending order f

4000 24 24 5380 30 100

4500 26 50 5800 16 116

5060 20 70 6600 6 122

Median = Size of 
N th
1

2
 item =

122 1

2
615


 . th

 item.

Median = Rs. 5060.

(c) nyzfvs bVh (Continuous Series)
nyzfvs bVh ftZu wkfXek eZYD dh ftXh j/m fdZs/ gdK nB[;ko j?

(T) fdZshnK pkozpkosk s'_ ;zfus pkozpkosk gqkgs eo'.

(n) Median = Size of 
N th

2
 item.

(J) ;zfus pkozpkosk ekbw ftu d/ 
N th

2
 pokpo iK T[; s'_ Next higher wZd d/ ;kjwD/

fdZsk wkfXek tor (Median class ) eZY'.

(n) j[D wkfXek dk w[Zb j/m fdZs/ ;{so (Formula) okjh_ eZY' L

Median = L

N
C f

f
i1

2






.

L
1
 = Lower limit of the median class.

C.f = Cumulative frequency of the class preceding the median class.

f = Simple frequency of the median class.

i = Size of the median class.

T[dkjoD 7 L j/m fdZs/ nzefVnK s'_ Median eZY'
Class : 100-120 120-130 130-140 140-150 150-160 160-170

f : 6 25 48 72 116 60

170-180 180-190 190-200

38 22 3

jZb L
Class f C.f Class f C.f

100-120 - - - 6 6 160-170 60 327

120-130 - - - 25 31 170-180 38 365

130-140 - - - 48 79 180-190 22 387

140-150 - - - 72 151 190-200 3 390

150-160 - - - 116 267
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Med = Size of 
N th

2
 item = Size of 

390

2
195

th
 item

Med. lies in the class 150-160

Median = L

N
C f

f
i1

2






.

 


 150
195 151

116
10 153 79.

wkfXek d/ r[D (Merits of Median)
wkfXek ~ nk;kBh Bkb ;wfMnk ns/ jZb ehsk ik ;edk j?.

wkfXek T[s/ uow wZdK (Extreme items) d/ nkeko dk gqGkt Bjh_ g?_dk.

wkfXek ~ th wkgD dk fBFfus ns/ ;gFN ;{so j?.

wkfXek d/ n"r[D (Demerits of Median)
wkfXek ~ wkgD bJh ;ko/ nzefVnK ~ eqwtko fbyDk }o{oh j? id fe d{;o/ n";s

d/ YzrK ftu nfijk eoBk }o{oh Bjh_.

wkfXek dk nbipfoe ftt/uB (algebraic treatment) Bjh_ ehsk ik ;edk.

9H2H3 e [nkoNkJhb} (Quartiles), vh;kJhb} (Deciles) ns/ go; / _NkJhb}
(Percentiles)L

e[nkoNkJhb}, vh;kJhb} ns/ go;/_NkJhb} eZYD dh T[j' jh ftXh j? fijVh fe wkfXek

eZYD dh ftXh j?. wkfXek fe;/ bVh ~ d' ;wkB GkrK ftZu tzv fdzdh j?. e[nkoNkJhb},

vh;kJhb} ns/ go;/_NkJhb} bVh ~ eqwtko uko, d; ns/ 100 GkrK ftZu tzv fdzdk j?.

Q1  Size of 
N th
1

4
  item.

(In individual observation and discrete series)

Q2  Size of 
N th

2
item.

(in continuous Series)

Q3  Size of 3
1

4

N
th

L
NM

O
QP item.

(In individual and discrete Series)

D4  Size of 4
1

10

N
th

L
NM

O
QP  item.

(In individual and discrete Series)

D4  Size of 4
10

N
thL

NM
O
QP  item.

(in continuous Series)

4
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P64  Size of 64
1

100

N
th

L
NM

O
QP  item.

(In individual and discrete Series)

P64  Size of 64
100

N
thL

NM
O
QP item.

(in continuous Series)

9H2H4 w"v (Mode)
w"v Fpd coK;h;h GkFk d/ nZyo @Lamode# s'_ pfDnk j? fi; dk Gkt c?FB s'_ j?.

bVh ftZu T[j w[Zb j? fi; dh bVh ftZu ;G s'_ tZX pkozpkosk j[zdh j?.

@@The mode of a distribution is the value at the point around which the items

tend to be most heavily concentrated.## - Croxten, Cowden and Klein.

w'v eZYD dhnK ftXhnK

(a) ftneshrs bVh (Individual Series)
ftneshrs bVh ftu w'v gsk eoB dh j/m fbyh ftXh j? L

gdeqw (Steps) - (i) gfjbK fJj gsk eo' fe uo d/ tZyo/ tZyo/ w[Zb bVh ftu fezBh-

fezBh bVh ftu fezBh-fezBh tko nkT[_d/ jB.

(ii) fijVk w[Zb ;G s'_ f}nkdk tko nkt/, T[j bVh dk w'v (Mode) j't/rk.

T[dkjoD 8 L
Sharks : 16 18 22 16 15 16 14 10 11 16

Arrange the above data in ascending order.

10 11 14 15 16 16 16 16 18 22

Mode :  16

i/eo d' fGzB-fGzB ehwsK ;wkB ns/ nfXZesw pkozpkosk oydhnK j'D sK nfijh tzv

~ Bimodal nkyd/ jK ns/ Mode ~ gqkgs Bjh_ ehsk ik ;edk. Mode is ill-defined

(b) yzfvs bVh (Discrete Series)
yzfvs bVh ftZu Mode BohyD (Inspection) okjh_ th gsk ehsk ik ;edk j?. uo

dk T[j w[Zb fi; dh pkozpkosk (Frequency) ;G s'_ tZX j't/, w'v fejk iKdk j?.

T[dkjoD 9 L i/eo x : 4 7 11 16 25

f : 3 9 14 21 13

go eJh tko fJ; ftXh Bkb Mode gqkgs eoBk w[Feb j' iKdk j?. id'_ ;G s'_ tZX

pkozpkosk ns/ T[;d/ Bkb tkb/ uo dh pkozpkosk dk nzso pj[s xZN j't/ sK ;w{jheoD ftXh

(Grouping Method) dk gq:'r ehsk iKdk j?.

;w{jheoD (Grouping Table) pDkT[D d/ gdeqw (Steps)

(i) gfjb/ ekbw dh pkozpkosk fby'.

(ii) d{;o/ ekbw ftu d' pkozpkosk dk ro[Zg pDk e/ T[jBK dk i'V fby'.

(iii) shi/ ekbw (column) ftu gfjbh pkozpkosk ~ SZv e/ d'-d' pkozpkosk d/ ro[Zg

pDkT[ ns/ T[jBk d/ i'V fby'.

(iv) u"E/ ekbw ftu fszB-fszB pkozpkosk d/ ro[Zg pDkT[ ns/ T[jBK d/ i'V fby'.
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(v) gzit/_ ekbw ftu gfjbh pkozpkosk ~ SZv e/ fszB-fszB pkozpkosk d/ ro[Zg pDkT[

ns/ T[jBK d/ i'V fby'.

(vi) S/t/_ ekbw ftu gfjbhnK d' pkozpkosk ~ SZv e/ fszB pkozpkosk d/ ro[Zg pDkT[

ns/ T[jBK d/ i'V fby'.

B'N L ro[Zg ftu Bk nkT[D tkbhnK pkozpkosk SZv d/t'. jo ekbw ftu fijVk nfXZesw
w[Zb j? T[; d/ d[nkb/ uZeo pDk fdT[.

j[D n;h_ Grouping Table dh wZdd Bkb Analysis Table pDktKr/.

ftFb/FD N/pb pDkT[Dk (Forming Analysis Table) L fJ; d/ j/m fby/ gd jBL
(i) gfjbK uo d/ tZyo/ tZyo/ w[Zb fby'.

(ii) gfjb/ ekbw ftu ;w{jheoD Table d/ gfjb/ ekbw d/ nfXZesw w[Zb tkb/ gd

~ nzfes eo'.

(iii) fJ;/ soQK ftFb/FD N/pb d/ d{i/, shi/, u"E/, gzit/_ ns/ S/t/_ ekbwK (Columns)

ftu ;w{jheoD N/pb d/ nfXZesw w[ZbK tkb/ gZdK ~ nzfes eo'.

(iv) do d/ tZyo/ w[Zb nzeK dk i'V eo'.

(v) fi; w[Zb d/ nze ;G s'_ f}nkdk j'Dr/, T[j w'v (Mode) j't/rk.

T[dkjoD 10 L
From the following data of the height of 100 persons in a commercial concern

determine the modal height.

Height in inches : 58 59 60 61 62 63 64 65 66    67

No. of Persons : 4 6 5 10 20 22 24 6 2      1

Solution :

Grouping Table

Height Col.1 Col.2 Col.3 Col.4 Col.5 Col.6

in inches (1+2) (2+3) (1+2+3) (2+3+4) (3+4+5)

58 4 10

59 6 11 15

60 5 15 21

61 10 30 35

62 20 42 52 66

63 22 46

64 24 30 32 52

65 6 8 9

66 2 3

67 1

]

]

]

]
]

]

]

]

]

]

]

]

]

]

]

]

]
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Analysis Table

Height in Inches

Col. No. 58 59 60 61 62 63 64 65 66 67

1 ×

2 × ×

3 × ×

4 × × ×

5 × ×

6 × × ×

1 3 5 3 1

ftFb/FD N/pb ftu 63 w[Zb d/ nze ;G s'_ f}nkdk jB, fJ; bJh

Mode = 63

(C) nyzfvs bVh (Continuous Series)
nyzfvs bVh ftu w'v eZYD dh ftXh yzfvs bVh tkbh ftXh d/ ;wkB j?. fBohyD

ftXh iK ;w{jheoD ftXh Bkb (Modal Class) gsk eo'. w'v eZYD bJh ;{so (Formula)

brkT[.

Mode L i 


1
1

1 2



 

Where L
1
 = Lower limit of the modal class

1  = the difference between the frequency of the modal class and the frequency

of the pre-modal class (ignoring signs) = f f1 0

2  =the difference between the frequency of the modal class and the frequency

of the post-modal class (ignoring signs) = f f1 2

i    = the class-interval of the modal class

Mode L
f f

f f f
i 



 
1 0

1 0 22

B'N (i) i/ v?Nk inclusive form ftu j? sK T[; ~ exclusive form ftZu pdb'.

(ii) id'_ tor fJe' fij/ Bk j'D sK T[; ~ fJHe' fijk pDkT[.

(iii) i/eo Modal Class gfjbh  Class j't/ sK T[; s'_ fgSbh tor pkozpkosk Zero

bt'.

(iv) eJh tko w'v (Mode) d' iK d' s'_ tZX torK ftu j[zdk j?. gozs{ w'v id'_

fJe jh ;w/_ d' torK ftu gkfJnk ikt/ noEks w'v fBoXkos Bjh_ j' ;edk. fJ; bJh w'v

eZYD d/ ;w/_ gfjbK wkfXek ns/ c/o ;wkBKso n";s eZY' ns/ fJ; s'_ pknd j/m fby/ ;{so

dh tos'_ eo'.
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Mode = 3  Median - 2 Mean

T[dkjoD 11 L
j/m fbyh ;koBh ftu w'v eZY'

Marks No. of Students Marks No. of Students

Above 0 80 Above 60 28

Above 10 77 Above 70 16

Above 20 72 Above 80 10

Above 30 65 Above 90 8

Above 40 55 Above 100 0

Above 50 43

Marks No. of Students Marks No. of Students

0-10 3 50-60 15

10-20 5 60-70 12

20-30 7 70-80 6

30-40 10 80-90 2

40-50 12 90-100 8

100-110 0

By inspection the Modal Class is 50-60

Mode L i 


1
1 2

1


 

Mode  


    50
3

3 3
10 50

3

6
10 55

w'v d/ r[D (Merits of Mode)
1H w'v gfoGkFk d/ nkXko T[go ;G Bkb'_ tZX gqfsfBXsk tkbh n";s j?.

2H w'v T[go extreme values dk gqGkt Bjh_ g?_dk.

3H fJ; ~ Open-end torheoD ftu wkfgnk ik ;edk j?.

4H fJ; dk w[Zb rokc d[nkok th fBFfus ehsk ik ;edk j?.

5H fJ; ~ jZb eoB bJh ;kohnk wZdK dh ikDekoh }o{oh Bjh_.

6H fJ; ~ nk;kBh Bkb ;wfMnk ns/ jZb ehsk ik ;edk j?.

w'v d/ n"r[D (Demerits of Mode)
1H w'v dk nbi?poh ftt/uB Bjh_ ehsk ik ;edk.

2H fJ; dk w[Zb Fo/Dh dh jo fJe wZX T[go nkXkfos Bjh_ j[zdk.

3H w'v dh fJe fBFfus gfoGkFk Bjh_. w'v d/ gqsh tZyo/ tZyo/ ;{so jB ns/ jo

fJe ;{so tZyok gfoDkw fdzdk j?.

4H rfDse n";s dh soQK wZdK dh frDsh ~ w'v Bkb r[DK eoe/ wZdK dk i'V
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Bjh_ gqkgs j' ;edk.

5H w'v ftu gfjbh ns/ nkyoh wZd dk e'Jh wjZst Bjh_ j[zdk.

9H3 ;koKF
fJ; gkm ftZu n;h_ e/_doh gqftosh d/ wkg :kBh n";s dhnK tZy-tZy fe;wK pko/

ikDekoh fdZsh j?. rfDse n";s, wkfXek, w'v, e[nkoNkfJb}, vh;kJhbi ns/ go;/NkJhb} ~

ftneshrs bVh, yzfvs bVh ns/ nyzfvs bVh ftzu eZYD d/ sohe/ T[dkjoDK d/ e/ dZ;/ rJ/

jB skfe gqFB jZb eoB ftZu n;kBh j't/. jo n";s d/ r[D ns/ n"r[D pko/ th ikDekoh

fdZsh rJh j?.

9H4 gqFB
S'N/ gqFB

1H rfDse n";s eh j?<

2H wkfXek d/ d' n"r[D fby'.

3H go;/_NkJhb} dk nyzfvs bVh dk ;{so fby'.

4H rfDse n";s dhnK d' Mathematical Properties dZ;'.

5H w'v d/ fszB r[D fby'.

tZv/ gqFB
bzw/ gqFB
1H j/m fdZs/ nzefVnK s'_ rfDse n";s ns/ w'v eZY'.

Monthly Wages No. of Workers

(Rs.)

Less than 200 78

200-400 165

400-600 93

600-800 42

800-1000 12

Find out the mode from the following data:

x : 5 10 15 20 25 30 35 40 45

f : 1 3 4 9 11 12 3 2 2

Find Q
1
, Q

3
, Median P

43
 for the data given below:

21, 17, 18, 11, 27, 24, 22, 19, 14

Find Arithmatic Mean for the following series:

Marks less than : 10 20 30 40 50 60 70 80

Frequency : 3 14 31 56 78 88 96 100

Calculate Median

Class interval: 0-10 10-20 20-30 30-40 40-50 50-60 60-70

Frequency : 7 18 34 50 35 20 6

9H5 gVQB :'r g[;seK
S.P. Gupta : Statistical Methods
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(wksokswe ftXhnK)

gkm BzL 1H10 b/fyek LvkH ftgbk u'gVk

fybko s/ wkg
(Measures of Dispersion)

o{g-o/yk (Structure)
10H0 G{fwek

10H1 wzst

10H2 fybko dk noE

10H3 fybko d/ wkg d/ sohe/

10H3H1 o/_i (Range)

10H3H2 nzso-e[nkoNkJhb o/_i (Inter-quartile Range)

10H3H3 noX-nzso e[nkoNkJhb o/_i

10H3H4 n";s ftubB

10H3H5 gqwkg ftubB

10H4 ;koKF

10H5 gqFB

10H6 gVQB :'r g[;seK

10H0 G{fwek
fgSb/ gkm ftZu n;h_ e/_doh gqftosh d/ wkg pko/ ft;sko Bkb ikDekoh gqkgs ehsh

j?. fJj wkg ;k~ bVh (Series) d/ wZX Gkr s/ wZdK dh xDsk (Concentration) dk frnkB

dtkT[_d/ jB. fJj wkg nzeVK ftfrnkB bJh pj[s bkGdkfJe jB. go fJBQK wkgK ftZu fJe

tZvh ewh j?. fJj wkg w[ZbK ftZu fGzBsk (Variations) ;zpzXh Bjh_ dZ;d/. j/mK fdZsh T[dkjoD

s'_ fJj ;wFZN ehsk ik ;edk j?.

T[dkjoD 1 L
gzi nkdwhnK dk Gko
Series A Series B Series C

80 65 110

80 90 105

80 80 90

80 70 40

80 95 55

Total 400 400 400

X 80     80      80

i/ n;h_ T[gobhnK fszB bVhnK ~ t/yhJ/ sK ;k~ gsk bZrdk j? fe jo fJZe bVh ftZu

N X X  5 400 80, ,  fszBK jh bVhnK dh n";s pokpo j? go T[BQK dh pDso dk YKuk

106
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nbZr-nbZr j?. Series A ftZu jo fJZe nkdwh dk Gkr n";s d/ pokpo j? noEks wZdK ftZu

fJe;kosk (Uniformity ) j?. d{ih bVh ftZu e/tb fJe'_ jh nkdwh dk Gko n";s d/ pokpo

j? pkeh wzdK n";s s'_ xZN iK tZX jB noEks Series B ftZu Series A d/ w[ekpb/ fGzBsk

(Variations) f}nkdk j?. Series C ftZu fGzBsk Series A ns/ Series B Bkb'_ pj[s finkdk j?.

fszBK bVhnK dh n";s pokpo j'D d/ pkti{d fJBQK bVhnK ftZu fGzBsk (Variations) j? fJ;

bJh n";s ;k~ bVh dh ;k\ s;tho g/F Bjh_ eo ;edk. fJ; bJh fybko (Dispersion)

fJZe bVh ftZu ty/t/ :'rsk (Variability) dk gsk jh Bjh_ fdzdk ;r'_ fJj fty/gsk d/ mhe

wkg pko/ th dZ;dk j?.

10H1 wzst
fybko d/ wkg d/ bkG iK wzst j/mK fdZs/ iKd/ jB L

* n";s dh Go';/:'rsk (Reliability) ~ N?;N eoB bJh

* fGzBsk (Variability) dh s[bBk eoB bJh

* j'o nzeVk ftfrnkB d/ Yzr tosD pko/.

10H2 fybko dk noE
fe;/ n";s (average) d[nkb/ wZd (items) d/ fybko dh wksok i' bVhnK (Series)

dh pDso T[s/ ukBDk gkt/, ~ fybko (dispersion) nkfynk iKdk j?. fJZe nkw Gkt ftZu

fJ; dk ;ze/s fJe bVh ftZu wZdK dh fJe;kosk (Uniformity) dh xkN tZb j[zdk j?.

fybko dh gfoGkFktK
According to Simpson and Kafka, "The measurement of the Scatterness of the

mass of figures in a series about an average is called a measure of variation or disper-

sion."

According to Spiegel, "The degree to which numerical data tend to spread about

an average value is called the variation or dispersion of the data."

According to A.L. Bowley, "Dispersion is a measure of variation of the items."

According to L.R. Connor, "Dispersion is a measure of the extent to which the

individual items vary."

10H3 fybko d/ wkg d/ sohe/
fybko d/ wkg d' sohfenK Bkb gqkgs ehs/ iKd/ jBL

(T) n;hw wkg (Absolute Measures) L T[j fybko d/ wkg fijV/ tzv dhnK
w"fbe fJekJhnK d/ o{g ftu gqrN ehs/ iKd/ jB T[jBK ~ n;hw wkg efjzd/

jB.

(n) s[bBkswe wkg (Relative Measures) L fJj fybko d/ T[j wkg jB i'
fe;/ do dhnK w"fbe fJekJhnK s'_ ;[szso j[zd/ jB. fJj ;kXkoB s"o s/ F[ZX

nzeK (Pure Numbers), gqshFsK (Percentages) nkfd o{gK ftu j[zd/ jB.

fybko d/ uzr/wkg dhnK ftF/FsktK (Characteristics of a good measure of disper-

sion)
fybko d/ eJh wkg jB go fJjBK ;ko/ wkgK ~ fybko dk uzrk wkg Bjh_ fejk ik

;edk. fJe uzr/ wkg bJh j/m fdZshnK ftF/FsktK dk j'Dk io{oh j?.
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1H fJj frDsh eoB ns/ ;wMD ftu nk;kB j'Dk ukjhdk j?.

2H fJj bVh (Series) dh ;kohnK wdK s/ nkXkfos j'Dk ukjhdk j?.

3H fJ; dh fBFfus gfoGkFk j'Dh ukjhdh j?.

4H fJj nZr/ phi-rfDs d/ :'r j't/.

fybko d/ wkg
fybko d/ j/m fdZs/ wkg jB L

1H o/_i (Range)

2H nzso-e[nkoNkJhb o/_i (Inter-Quartile Range)

3H noX-nzso e[nkoNkJhb o/_i iK e[nkoNkJhb ftubB (Semi-Inter Quartile

Range, or Quartile Deviation)

4H n";s ftubB (Mean Deviation or Average Deviation)

5H gqwkg ftubB (Standard Deviation)

10H3H1 o/_i (Range)
o/_Ii fybko dk ;G s'_ ;kXkoD wkg j?. o/_i dk noE j? fe;/ bVh d/ nfXesw w[Zb

ns/ fBT{Bsw w[Zb ftu nzso. (Range is defined as the difference between the maximum

and the minimum value of the variable)

Mathematically

Range = Maximum Value - Minimum Value

Range = R
1
 - R

2

o/_i dk s[bBkswe wkg (Coefficient of Range)






Maximum Value MinimumValue

Maximum Value MinimumValue

Coefficient of Range =

ftneshrs ;{uh (Individual Series)
T[dkjoD 2 L

Calculate Range and Coefficient of Range.

-6, -4, 2, 0, 2, 4, 6, 8

jZb L
o/_i = L - S = 8 - (-6) = 14

Coefficient of Range = 
L S

L S






 

 
 

8 6

8 6

14

2
7

( )

( )

yzfvs bVh (Discrete Series)
T[dkjoD 3 L

Find Range and Coefficient of Range for the following data :

X : 5 10 15 20 25 30 35 40

F : 4 7 21 47 53 24 12 6

Range = L - S

L - S
L + S
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j[D L = 40, S = 5

Coefficient of Range = 
40 5

40 5

35

45
778




  .

yzfvs bVh (Continuous Series)
T[dkjoD 4 L

Calculate Range and Coefficient of Range

X : 20-30 30-40 40-50 50-60 60-70 70-80

F : 4 9 16 21 13 6

L = 80 ns/ S = 20

R = 80 - 20 = 60

Coefficient of Range
L S

L S









 

80 20

80 20

60

100
6.

o/_i d/ r[D
1H o/_i fybko ~ wkgD dk ;G s'_ ;kdk ns/ nk;kD sohek j?.

2H o/_i eZYD bZfrnk jo wZd dk w[Zb ikBDk io{oh Bjh_.

3H fJj T[;/ t/b/ eZfYnk ik ;edk j? id'_ e/tb uow dhnK wZdK d/ w[Zb dk jh

gsk j't/.

4H fJ; ~ ;wMBk nk;kB j?.

o/_i d/ n"r[D
fybko d/ fJ; wkg ti'_ o/_i ftZu j/m fby/ n"r[D j[zd/ jBL

1H o/_i ~ fybko d/ y[Zb/ f;o/ tkb/ tornzsoK ftu gq:'r Bjh_ ehsk ik ;edk.

2H fJj Fq/Dh dhnK ;kohnK wdK s/ nkXkfos Bjh_ j[zdhnK.

3H fJj j'o nZr/ phi-rfDs dh ftXh d/ :'r Bjh_.

4H ;zy/g ns/ mhe nfXn?B bJh fJj :'r Bjh_.

10H3H2 nzso-e[nkoNkJhb o/_i (Inter-Quartile Range)
n;h_ T[go gfVQnk j? fe fybko dk fJe n"r[D fJj j? fe fJj f;oc d' f;fonK

tkbhnK wZdK Bkb gqGkfts j[zdk j?. fJ; B[e; ~ d{o eoB bJh nzso-e[nkoNkJhb o/_i

(Inter-quartile Range) dh tos'_ eod/ jK. fJ; ftZu n;h_ gfjbhnK 25% ns/ nkyoh 25%

wZdK SZv fdzd/ jK sK i' f;fonK tkbhnK wZdK dk gqGkt ]sw ehsk ik ;ed/.

 nzso-d[nkoNkJhb o/_Ii  Q Q3 1

nZX nzso-e[nkoNkJhb o/_i iK e[nkoNkJhb ftubB (Semi-Inter Quartile Range

or Quartile Deviation)
fJE/ fybko dk wkg j/mb/ ns/ T[gob/ e[nkoNkJhb d/ coe ~ d' Bkb tzv e/ gqkgs

j[zdk j?.
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Quartile Deviation (i.e. Q.D) = 
Q Q3 1

2

Coefficient of Quartile Deviation = 




Q Q

Q Q
3 1

3 1

T[dkjoD 6 L
noE ftfrnkB d/ 59 ftfdnkoEhnK d[nkok gqkgs ehs/ BzpoK dk nZX nzso-e[nkoNkJhb

o/_} ns/ fJ; dk r[DKe (Coefficient) bZG'.

Bzpo ftfdnkoEhnK dh frDsh

0-10 4

10-20 8

20-30 11

30-40 15

40-50 12

50-60 6

60-70 3

jZb L

Bzpo ftfdnkoEhnK dh frDsh ;zuth_ nkftqsh

f Commulative Frequency

0-10 4 4

10-20 8 12

20-30 11 23

30-40 15 38

40-50 12 50

50-60 6 56

60-70 3 59

59

gfjbk e[nkoNkJhb iK Q1

59

4
 t/_ ftfdnkoEh d/ Bzpo Gkt, i' fe 20-30 BzpoK tkb/

tor ftZu jB.
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;zpzXsw ckow{b/ dh tos'_ eofdnK

Q1 20
30 20

11
14 75 12 225 


 . .b g  Bzpo

Q 3 3
59

4
44 25 

b g
. t/_ ftfdnkoEh, i' fe 40-50 BzpoK tkb/ tor ftZu jB

Q1 dh rDBK tKr

Q3 40
50 40

12
44 25 38 452 


 . .b g

noX-nzso e[nkoNkJhb o/_Ii = 
Q Q3 1

2






 
452 225

2

227

2
1135

. . .
.

noX-nzso e[nkoNkJhb o/_i dk r[DKe

= 
Q Q

Q Q
3 1

3 1





452 225

452 225
0335

. .

. .
.






e[nkoNkJhb ftubB d/ r[D
(i) e[nkoNkJhb ftubB ns/ fJ; d/ r[DKe dk bkG fJj j? fe fJj ;kdk s/

rDBK ftu ;"yk j?.

(ii) fJj ftueko dhnK 50% wZdK s/ nkXkfos j? fJ; bJh fJj o/_i s'_ tXhnk j?.

(iii) fJ; ~ y[Zb/ f;o/ tkb/ tornzsoK (Open and Classes) ftZu gq:'r ehsk ik

;edk j?.

e[nkoNkJhb ftubB d/ n"r[D
(i) fJj j'o nZr/ phi-rfDs dh ftXh d/ :'r Bjh_.

(ii) 50% wZdK dk e'Jh wjZst Bjh_ j?. fJ; bJh Bshik Go';/:'r Bjh_ fejk ik

;edk.

10H3H4 n";s ftubB (Mean & Average Deviation)
nfij/ wkg fiBQK dh rDBk fe;/ n";s s'_ ehsh ikt/ ~ @@n";s ftubB## fejk iKdk

j?.

"According to Clark and Schkade, "Average deviation is the average amount of

Scatter of the items in a distribution from either the mean or the median, ignoring the

signs of the deviation. The average that is taken of the scatter is an arithmetic mean,

which account for the fact that this measure is often called the mean-deviation."

fe;/ e/_doh M[ekn (Central tendency) d/ wkg, Gkt whB (mean), whvhnB

(median) iK w'v (mode) s'_ tZy-tZy wZdK d/ ftubB dh n";s ~ jh fe;/ bVh dh n";s
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iK whB ftubB nkfynk iKdk j?. fJ; ftu ;G ftubBK ~ ;kekoswe (Positive) o{g ftu

fbnk iKdk j? ns/ ;G ftubBK d/ i'V ~ wZdK dh frDsh d[nkok tzv e/ whB ftubB

gqkgs ehsh iKdh j? feT[_fe wZdK dh n";s s'_ ftubBK dk i'V jw/FK f;\o j[zdk j?. fJ; bJh

tZy-tZy ftubBK dhnK fBFkBhnK (Gkt O iK - )~ fXnkB r'uo Bjh_ ehsk iKdk.

n";s ftubB dh rDBK edh edh whvhnB iK w'v s'_ th ehsh iKdh j? go nfGnk;

ftu fJj tX/o/ whB s'_ jh ehsh iKdh j?. w'v s'_ fJ; dh rDBk pj[s xZN ehsh iKdh j?.

(i) whB s'_ n";s ftubB,

MD
D

N

a



fiE/ Da  wdK dh T[jBK d/ whB (Mean) s'_ ftubBK dk i'V ns/ n = wdK dk

Bzpo.

(ii) whvhnB s'_ n";s ftubB

MD
D

n

M


fiE/ DM wZdK dh whvhnB s'_ ftubBK dk i'V.

(iii) w'v s'_ n";s ftubB

MD
D

n

z


fiZE/ Dz wZdK dk w'v s'_ ftubBK dk i'V j?.

n";s ftubB dk r[DKe (Coefficient of Mean Deviation)
i/ ftuB rfDse n";s s'_ bJ/ ikD

Coefficient of M.D. 
M D

X

. .
 (fiE/ X  rfDse n";s)

i/ ftubB whvhnB s'_ bJ/ ikD

Coefficient of MD 
M D

M

. .
 (fiE/ M = whvhnB)

i/ ftubB w'v (Mode) s'_ bJ/ ikD

Coefficient of MD 
M D

Z

. .
 (fiE/ Z = w'v)

T[dkjoD 7 L

Compute MD and Coefficient of MD from mean and median for the following

series:

3 7 12 14 15 18 22
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jZb L

X : 3 7 12 14 15 18 22

j[D X
X

N
  
 91

7
13

X D X X  D

3 -10 10

7 -6 6

12 -1 1

14 +1 1

15 2 2

18 3 5

22 9 9

34

j[D

ns/ M D
D

N
. . .  

 34

7
4 86

MD from Mean = 4.86

Coefficient of Mean Deviation from Mean

  
M D from Mean

Mean

. . .
.

4 86

13
374

(2) N = 7, Median = Size of 
N 1

2
th item = 4th item = 14

X D X Med  . D

3 -11 11

7 -7 7

12 -2 2

14 0 0

15 1 1

18 4 4

22 8 8

D  33

4D  334
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M D
D

N
. . .  

 33

7
4 71

Coefficient of M.D. from Median

M D from Median

Median

. . .
. 

4 71

14
336

T[dkjoD 8 L
Calculate Mean Deviation from the following Series:

X 10 11 12 13 14

F 3 12 18 12 3

jZb L
M=12

X f D f D C.F.

10 3 2 6 3

11 12 1 12 15

12 18 0 0 33

13 12 1 12 45

14 3 2 6 48

N=48    f D  36

M D
f D

N
. . 



Median = Size of 
N

th
1

2
 item = 

48 1

2


 = 24.5 item.

Size of 24.5th item is 12, hence Median = 12.

M.D. = 
36

48
0 75 .

T[dkjoD 9 L
Calculate Mean Deviation and its Coefficient from the following data:

Class Frequency Class Frequency

0-10 5 40-50 20

10-20 8 50-60 14

20-30 12 60-70 12

30-40 15 70-80 6

n;h_ Median s'_ Mean Deviation Calcualte eoKr/.
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Class Frequency C.f. m D f D

m  43

0-10 5 5 5 38 190

10-20 8 13 15 28 224

20-30 12 25 25 18 216

30-40 15 40 35 8 120

40-50 20 60 45 2 40

50-60 14 74 55 12 168

60-70 12 86 65 22 264

70-80 6 92 75 32 192

N=92 f D  1414

Med
1
 = Size = 

N

2
th item = 

92

2
= 46th item

Median lies in the class 40 -50.

Med. = L

N C f

f
i1

2





.

L
1
 =40, N2  = 46, C.f. = 40, f = 20, i = 10

Med. = 40 + 
46 40

20


 ×10 = 40 + 3 = 43

M.D. = 
f D

N


 

1414

92
1537.

Coeff of MD
MD

Median
.

.
.  

1537

43
0357

n";s ftubB d/ r[D
1H fJ; ~ fBFfus o{g Bkb gfoGkFs ehsk iKdk j?.

2H fJj bVh dhnK ;kohnK wZdK s/ nkXkfos j[zdk j?.

3H gqwkg ftubB dh s[bBk ftu n";s ftubB dh rDBk nk;kB j?.

n";s ftubB d/ n"r[D
1H n";s ftubB ftu fuzBQk ~ fXnkB ftu Bjh_ oZfynk ik ;edk fijVk fe rbs j?.

2H fJj nZr/ phi-rfDs eqw d/ :'r Bjh_.

10H3H5 gqwkg ftubB (Standard Deviation)
gqwkg ftubB fybko ~ wkgD dh ;G s'_ tZX wjZstg{oB ftXh j?. fJ; ftXh dk ftuko

;G s'_ gfjbK ekob ghno;B (Karl Pearson) B/ 1893 ftZu fdZsk ;h. gqwkD ftubB dk gsk
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eoB bJh torw{b dh tos'_ eoe/ ftubBK d/ tor ~ sN;E eo fdZsk iKdk j? feT[_fe

torw{b torK d/ T[bN feqnk j?. fJ; ~ Root-mean square deviation th fejk iKdk j?.

feT[_fe fJ; ftZu ftubB torK dh n";s b? e/ T[;dk torw{b fbnk iKdk j?.

gqwkD ftubB dk wkg jw/FK rfDse n";s ftu'_ jh ehsk iKdk j? feT[_fe rfDse

n";s bJ/ rJ/ ftubBK d/ torK dk i'V j'o fe;/ th n";s ftu'_ bJ/ rJ/ ftubBK d/ torK

d/ i'V s'_ fBT{Bsw j[zdk j?:. fJ; bJh rohe GkFk dk nZyo f;rwK  tofsnk iKdk j?.

SD or
X X

N
 

 e j
2

 
 x

N

2

 fiE/ x X X 

 gqwkg ftubB j?, N f
gqwkg ftubB dk r[DKe (Coefficient of Standard Deviation)

gqwkg ftubB dk r[DKe  


X

gqwkg ftubB

rfDse n" ; s

fJ; dh tos'_ d' bVhnK dh s[bBk eoB bJh ehsh iKdh j?.

gqwkg ftubB dh xNBk
(a) ftneshrs Fq/Dh

fJ; ftu j/m fby/ gdeqw bJ/ iKd/ jBL-

(i) Fq/Dh d/ w[ZbK dh rfDse n";s gsk eo'.

(ii) jo fJe w[Zb ftu'_ rfDse n";s ~ xNk e/ ftubB gsk eo'. x X X 

(iii) SD or  
 x

N

2

T[dkjoD 10 L
j/m fby/ nzefVnK s'_ gqwkg ftubB gsk eo'.

21, 17, 13, 25, 9, 19, 6, 10

jZb L j[D X
X

N
  
 120

8
15

X x=X-15 x2

21 +6 36

17 +2 4

13 -2 4
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25 +10 100

9 -6 36

19 +4 16

6 -9 81

10 -5 25

X  120 X2 302

     
 x

N

2
302

8

151

4

1228

2
614

.
.

;zy/g ftXh
id'_ rfDse n";s g{oB nze Bk j't/ sK gqwkD ftubB dk gsk ;zy/g ftXh Bkb ehsk

iKdk j?. fJ; bJh j/m fby/ gdeqw bJ/ iKd/ jBL-

(i) fdZs/ j'J/ w[ZbK ftu'_ fe;/ fJe ~ ebfgs n";s (A) wzB e/ T[; ftu ftubB

gsk eo'.

(ii) d dx x,
2

  eZY'.

(iii) SD or   

F

H
G
G

I

K
J
J

 dx

N

dx

N

2
2

e j

T[dkjoD 11 L
j/m fby/ nzefVnK s'_ gqwkg ftubB gsk eo'.

25, 27, 31, 32, 35

Let A = 31

X d X Ax   dx2

25 -6 36

27 -4 16

31 0 0

32 1 1

35 4 16

X 150 dx   5 dx
2

69 

  

F

H
GG

I

K
JJ

 dx

N

dx

N

2
2

=

x
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 
F

HG
I
KJ

69

5

5

5

2

  
64

5
128 3578. .

Coefficient of SD 
SD

X
 

3578

30
119

.
.

(b) yzfvs Fq/Dh (Discrete Series)

yzfvs Fq/Dh ftZu gqwkg ftubB dh rDBk

(i) gqsZy ftXh L-

i/eo ftubB n;b n";s s'_ bJ/ ikD sK T[; jkbs ftZu

SD or
f X X

N
or

fx

IV
 




 e j
2

2

, fiE/ x X X 

(ii) ;zy/g ftXh

6

2
2

 

F

H
GG

I

K
JJ  

 fd

N

fd

N
Where d X A,

(iii) Step-Deviation Method

6

12 1
2

1
 

F

H
GG

I

K
JJ  

 fd

N

fd

N
C Where d

X A

C
,

C = Common factor.

T[dkjoD 12 L
j/m fby/ nzefVnK s'_ gqwkg ftubB gsk eo'.

X 45 50 55 60 65 70 75 80

f 3 5 8 7 9 7 4 7

x f X-60/5 fd1 fd12

45 3 -3 -9 27

50 5 -2 -10 20

55 8 -1 -8 8

60 7 0 0 0

65 9 1 9 9

70 7 2 14 28

=
X
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75 4 3 13 36

80 7 4 28 112

N=50 fdL
 36 fd12 240

SD or
fd

N

fd

N
C   

 ' '2 2e j

6
240

50

36

50
5 48 5184 5 1035

2

 
F
HG

I
KJ     . . .

(c) nyzfvs bVh
nyzfvs bVh ftZu SD gqkgs eoB bJh T[go yzfvs bVh ftZu fdZs/ j'J/ sohe/

fJ;s/wkb ehs/ ik ;ed/ jB.

T[dkjoD 13 L

j/m fby/ nzefVnK s'_ SD or   gqkgs eo'.

X : 0-10 10-20 20-30 30-40 40-50 50-60 60-70

f : 1 4 17 45 26 5 2

jZb

X m f fm     d =m-A     d' fd fd'   fd'2

A=35

0-10 5 1 5            -30   -3 -30 -3 9

10-20 15 4 60            -20   -2 -80 -8 16

20-30 25 17 425            -10   -1 -170 -17 17

30-40 35 45 1575               0     0 0 0 0

40-50 45 26 1170              10    1 260 26 26

50-60 55 5 275              20    2 100 10 20

60-70 65 2 130             30     3 60 6 18

N=100 fd  140                fd2 10600

6

2 2
2

 
 fd

N

fd

N

e j
 = 

10600

100

140

100

2


F
HG

I
KJ

= 
10600 196

100
104 04 102


 . .

fd'=fd

10

' '

'


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10H4 ;koKF
fJ; gkm ftu n;h_ fybko dk noE ns/ fybko ~ wkgB d/ tZy tZy sohfenK pko/

ikDekoh gqkgs ehsh j?.o/_i, nzso-e[nkoNkJhb o/_i, noX-nzso e[nkoNkJhb o/_i, n";s

ftubB, ns/ gqwkg ftubB nkfd w[Zy ftXhnK T[dkjoDK Bkb fdZshnK rJhnK jB. jo fJe

ftZXh d/ r[D ns/ n"r[DK pko/ th ikDekoh fdZsh rJh j?.

10H5 gqFB
S'N/ gqFB

1H gqwkg ftubB dh gqhGkFk fdT[.

2H n";s ftubB d/ n"r[D dZ;'.

3H o/_i s'_ eh Gkt j?.

4H fybko d/ uzr/ wkg dhnK fejVhnK ftF/FsktK jB.

5H fybko d/ n;hw wkg ns/ s[bBkswe wkg ftu nzso dZ;'.

bzw/ gqFB
1. Calculate the standard deviation for the following data :

X : 50 60 70 80 90 100 110 120

f : 14 40 54 46 26 12 6 2

2. Find standard deviation of 64, 68, 72, 76, 80, 84

3. Calculate Mean Deviation from Orithmetic Mean and also calculate its

coefficient.

7 4 10 9 15 12 7 9 7

4 Calculate Mean Deviation and its coefficient from the following data.

Class: 0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80

f : 5 8 12 15 20 14 12 6

10H6 gVQB :'r g[;seK
S.P. Gupta : Statistical Methods

S.C.Gupta : Fundamentals of Statistics
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(wksokswe ftXhnK)

gkm BzL 1H11 b/fyek LvkH ftgbk u'gVk

fpywsk (Skewness)

o{g-o/yk (Structure)
11H0 G{fwek

11H1 wzst

11H2 fpywsk dk noE

11H3 fpywsk d/ wkg

11H3H1 fpywsk d/ fBog/y wkg

11H3H2 fpywsk d/ ;kg/y wkg

11H4 fpywsk ~ wkgB d/ sohe/

11H4H1 ekob ghno;B

11H4H2 pkT[b/

11H4H3 e?b/

11H5 ;koKF

11H6 gqFB

11H7 gVQB :'r g[;seK

11H0 G{fwek L
fgSb/ gkmK ftZu n;h_ e/_doh gqftosh d/ wkg ns/ fybko d/ wkg pko/ ikDekoh fdZsh

;h. fJj wkg ;k~ fybko d/ ;o{g pko/ e[M Bjh_ dZ;dk. fJBQK d/ nfXn?B s'_ fJj Bjh_ gsk

brdk fe rfDse n";s (Arithmetic Mean) d/ d't/_ gk;/ w[ZbK dk gq;ko ;w-wkgh

(Symmetrical) j? iK Bjh_. fJ; gkm ftu n;h_ tzv d/ ;o{g ~ uzrh soQK ft;sko ftZu nfXn?B

eoB bJh fpywsk (Skewness) dk nfXn?B eoKr/. fJ; s'_ pknd n;h_ e[oN'f;; (Kurtosis)

pko/ ikDekoh d/tKr/ fijVk fe;/ dh ;wo{gh teo d/ w[ekpb/ T[ukJh ~ wkgdk j?.

11H1 wzst L
fgSb/ gkm ftu n;h_ fybko d/ wkg pko/ ikDekoh gqkgs ehsh ;h fijVk fybko dh

Bkb ;pzfXs j[zdk j? idfe fpywsk dk ;pzX ftuoD dh fdFk Bkb j[zdk j?.fJ; gkm dk w[Zy

wzst fpywsk ns/ e[oN'f;; pko/ ikDekoh gqkgs eoBk j?.

11H2 fpywsk dk noE
fpywsk ;wo{gsk d/ T[bN j? ns/ fJ; s'_ fJj gsk brdk j? fe e'Jh tzv ;w-wkgh

j? iK Bjh_, fpywsk ;k~ dZ;dh j? fe ;wo{gh tzv d/ w[ekpb/ T[; tzv d/ w[ZbK ftZu fesBh

fpywsk gkJh iKdh j?. ;wo{gh tzv ftZu e/_doh fpzd{ d/ d't/_ gk;/ w[ZbK dk gq;ko fJe;ko j[zdk

j?. fJ; soQK dh tzv ftu rfDse n";s, wkfXek ns/ pj[be dk w[b pokpo j[zdk j?. (fuZso

BzH 1) fJ; bJh nfijh tzv ftZu fpywsk f;co j[zdh j?.

121
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fuZso BzH 1
fpywsk (Skewness) fJe;kosk (Homogenity) iK ;wsk dh xkN gqrNkT[_dk j?.

According to Croxton and Cowden - When a series is not symmetrical, it is said to be

asymmetrical or Skewed.

;kekokswe fpyw (Positively Skewed) L i/eo fe;/ tzv ftu e[M oewK pj[s jh
tZvhnK j'D sK T[; jkbs ftZu r[fDse n";s (Arithmetic Mean), wkfXek ns/ w'v d/ w[ZbK

s'_ jw/Fk finkdk j't/rk. nfijh tzv d/ teq dk f}nkdk M[ekT[ ;Zi/ gk;/ tZb j't/rk ns/ fJ;

soQK dh tzv ~ ;ekokswe fpyw (Positively skewed) nkfynk iKdk j?. (fuZso BzH 2) fJ;

ftZu

Mode < Median < Mean

     Frequency

Mode     Med  Mean

fuZso BzH 2
foDkswe fpyw (Negatively Skewed) L i/eo tzv ftZu e[M oewK pj[s S'NhnK

j'D sK rfDse n";s, wkfXek ns/ w'v d/ w[Zb d/ w[ekpb/ jw/Fk xZN j't/rk. fJ; soQK dh

tzv d/ teq dk M[ekT[ yZp/ gk;/ tZb j[zdk j? ns/ nfijh tzv ~ foDkswe fpyw nkfynk iKdk

j?. (fuZso BzH 3)

Mode > Med > X
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 Mean     Med     Mode

11H3 fpywsk d/ wkg (Measurement of Skewness)L
fpywsk ~ d' ftXhnK Bkb wkg ;ed/ jK.

11H3H1 fpywsk d/ fBog/y wkg (Absolute Measures of Skewness)
fpywsk d/ fBog/y (absolute) ns/ ;kg/y (relative) wkg jB. fBog/y gZy s'_ fpywsk

~ fJ; soQK wkfgnk iKdk j?.

fpywsk = n";s - w'v

(Skewness = Mean - Mode)

i/eo n";s dk w[Zb w'v s'_ tZX j? sK fpywsk ;ekokswe (Positive) j't/rh. i/eo w'v

dk w[Zb n";s s'_ tZX j? sK fpywsk foDkswe (negative) j't/rh.

11H4 fpywsk ~ wkgB d/ sohe/ L
fpywsk ~ wkgB bJh j/m fdZs/ uko sohe/ jB L

1H ekob ghno;B dk fpywsk dk wkg

2H pkT[b/ dk fpywsk dk wkg

3H e?b/ dk fpywsk dk wkg

11H4H1 ekob ghno;B dk fpywsk dk wkg
ekob ghno;B dk fBog/y wkg dk ;{so j/m fby/ nB[;ko j?

Skewness = Mean  - Mode

fJj wkg fBog/y j? feT[_fe fJj wkg w[ZbK dhnK w{b fJekJhnK (original units) ftZu

jh ehsk iKdk j?.

ekob ghno;B d/ fpywsk d/ ;kg/y (relative) wkg ~ fpywsk dk r[DKe fejk iKdk

j? fijVk fe w[ZbK dhnK w{b fJekJhnK s'_ w[es (independent) j[zdk j?. ekob ghno;B d/

fpywsk dk ;{so j/m fby/ nB[;ko j? L

Sk
P
= Karl Pearson's coefficient of Skewness = 

Mean Mode

S dard Deviation



tan

ekob ghno;B dk fpywsk wkgD dk sohek ;G s'_ nZSk j? feT[_fe fJj rfDse n";s

ns/ Standard deviation s/ nXkfos j?.

ekob ghno;B dk fpywsk d/ r[DKe dk w[Zb nkw s"o s/ 1 ftueko j[zdk j?.
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id'_ SK
P
 = 0  fpywsk dk nDj'_d j[zdh j?.

i.e. tzv ;wo{gh j?.

SK
P
 < 0  sK tzv dh fpywsk foDkswe j[zdh j? ns/ nfijh jkbs ftZu tzv

nfXZesw fpzd{ s'_ EZb/ gk;/ tZb M[eh j'Jh j[zdh j?.

SK
P
 > 0  sK tzv dh fpywsk th ;ekokswe j[zdh j?.nfijh jkbs ftZu tzv

nfXesw fpzd{ s'_ gk;/ tZb M[eh j'Jh j[zdh j?.

fJ; gqeko fJ; ;{so dh ;jkfJsk Bkb tzv ftZu fpywsk dh fdFk ns/ T[; d/ ft;sko

dk gsk bZrdk j?.

ftneshrs ;{uh (Individual Observation) L
T[dkjoD 1 L ekob ghno;B d/ fpywsk r[DKe dk w[Zb gsk eo'.
Marks 1 4 4 5 6

Marks

dx

X Xe j dx2

1 -3 9

4 0 0

4 0 0

5 1 1

6 2 4

X  20 dx2 14

X  
20

5
4

Mode = 4

S.D. or     
dx

N

2
14

5
28 167. .

Co-efficient of Skewness = 
X Mode







4 4

167
0

.

yzfvs bVh (Discrete Series)
T[dkjoD 2 L j/m fdZs/ nzefVnK s'_ ekob ghno;B dk fpywsk dk r[DKe gsk eo'.

X : 12.5 17.5 22.5 27.5 32.5 37.5 42.5 47.5

f : 28 42 54 108 129 61 45 33

jZb L
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X f
x

d

 275 5. /

'
fd' fd'2

12.5 28 -3 -84 256

17.5 42 -2 -84 168

22.5 54 -1 -54 54

27.5 108 0 0 0

32.5 129 1 129 129

37.5 61 2 122 244

42.5 45 3 135 405

47.5 33 4 132 528

N=500 fd  296 fd2 1780

Coefficient of Skewness 
Mean Mode



X A
fd

N
i      


275

296

500
5 3046. .

nyzfvs bVh (Continuous Series)
T[dkjoD 3 L j/m fdZs/ nzefVnK s'_ ekob ghno;B dk fpywsk dk wkg gsk eo'.

X : 0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80

f : 5 6 11 21 35 30 22 11

jZb L

X f d
m


35

10
fd fd2

0-10 5 -3 -15 45

10-20 6 -2 -12 24

20-30 11 -1 -11 11

'

'

'

' ' '

' '

 =  × 

  = 

 = 1.79

coeff of SK =  =  1.79

30.46
= 0.059


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30-40 21 0 0 0

40-50 35 1 35 35

50-60 30 2 60 120

60-70 22 3 66 198

70-80 11 4 44 176

N=141 fd  167 fd2 609

Co eff. of SK 
Mean Mode



Mean : X A
fd

N
i  



X      35
167

141
10 35 1184 46 84. .

Mode : By inspection mode lies in the class 40-50

Mode  


L i


 

1

1 2

 


  
40

35 21

35 21 35 30
10

b g b g

 


   40
14

14 5
10 40 737 4737. .

SD i.e.   

F

H
GG

I

K
JJ 

 fd

N

fd

N
i

2
2

 
F
HG

I
KJ    

609

141

167

141
10 4 319 1402 10

2

. .

= 1.708 × 10 = 17.08, Coefficient of SK = 
46 84 4737

17 08

. .

.



= - 0.031

11H4H2 pkT[b/ dk fpywsk dk wkg L
pkT[b/ dk fpywsk dk wkg wkfXek (Median) ns/ us[oEe (Quartiles) s/ nkXkfos

j?. Bowley's Absolute Measure of Skewness

= (Q
3
 - Med.) - (Med. - Q

1
)

= Q
3
 + Q

1
 - 2Med.

fpywsk dk fJj fBog/y wkg j?.

' '

'
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Relative Measure (;kg/y wkg) L

Bowley's Coefficient of Skewness i.e.

SK
Q Q Med

Q Q
B 

 



3 1

3 1

2 .

fJ; d/ r[DKe dk w[Zb 1 d/ ftueko j[zdk j?. ;wo{gh tzv ftZu fJ; dk w[Zb f;co j[zdk

j?.

T[dkjoD 4 L j/m fby/ nzefVnK s'_ pkT[b/ dk fpywsk dk wkg gsk eo'.

X : 7 8 9 10 11 12 13 14

f : 8 20 35 40 32 25 18 22

jZb L

X f c.f.

7 8 8

8 20 28

9 35 63

10 40 103

11 32 135

12 25 160

13 18 178

14 22 200

Coefficient of SK
Q Q Med

Q Q
B 

 



3 1

3 1

2 .

Q1 = Size of the 
N

th
F

HG
I
KJ

1

4
 item

= Size of 
200 1

4

F
HG

I
KJ  item = 50.25th item = 9

Q3 = Size of the 3
N

th
F

HG
I
KJ

1

4
 item = 3

200 1

4

F
HG

I
KJ

th

 item

= 150.75th item = 12

Median = Size of the 
N F

HG
I
KJ

1

2
item

= Size of 
200 1

2

F
HG

I
KJ  item.

= 100.5th item = 10



phHJ/H Gkr shik noE-ftfrnkB L gouk d{ik128

Coefficient of SK
Q Q Med

Q Q


 



3 1

3 1

2 .


  





 

12 9 2 10

12 9

21 20

3

1

3
033.

T[dkjoD 5 L Calculate coefficient of Skewness based on quartiles and median from

the following data:

Variable : 0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80

frequency : 12 16 26 38 22 15 7 4

jZb L SK
Q Q Med

Q Q
B 

 



3 1

3 1

2 .

Variable f C.f. Q Size of
N

item
th

1
4



0-10 12 12  
140

4
35th item

10-20 16 28 It lies in the class 20-30

20-30 26 54 Q L
N C f

f
i1 1

4
 




/ .

30-40 38 92 L
1
 = 20, N/4 = 35, C.f. = 28, f = 26, i = 10.

40-50 22 114 Q1 20
35 28

26
10 20 269 


   .

50-60 15 129 = 22.69

60-70 7 136

70-80 4 140

Q Size of
N

item item
th

th
3

3

4

3 140

4
105 




It lies in the class 40-50

Q L
N C f

f
i3 1

3 4
 




/ .

Q3 40
105 92

22
10 45 91 


  .

Med. = Size of 
N th

2
 item =

140

2
 = 70th item

It lies in the class 30-40
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Med L
N C f

f
i.

/ .
 


1

2

= 30
70 54

38
10 30 4 21 34 21


   . .

Coeff. of SK 
 



45 91 2269 2 34 21

45 91 2269

. . ( . )

. .





68 6 6842

2322
0 008

. .

.
.

11H4H3e?b/ dk fpywsk dk wkg (Kelly's coefficient of Skewness)L
e?b/ d/ fpywsk d/ wkg ftu Quartiles dh irQK Percentiles iK Deciles dh tos'_

ehsh iKdh j?.

fBog/y wkg fJ; d/ fBog/y wkg nB[;ko

Skewness P P Med  10 90 2 .

iK

Skewness D D Med  9 1 2 .

;kg/y wkg

Coefficient of SK
P P Med

P P
K 

 



10 90

90 10

2

iK

SK
D D Med

D P
K 

 



1 9

9 1

2

fJBQK ;{soK d[nkok gqkgs w[Zb nkw s"o s/  ftueko j[zd/ jB.

T[dkjoD 6 L Compute Kelly's Coefficient of Skewness.

X : 4 8 12 16 20 24 28 32

f : 4 9 17 40 53 37 24 16

jZb L

X f C.f

4 - - - 4 - - - 4

8 - - - 9 - - - 13

12 - - - 17 - - - 30

16 - - - 40 - - - 70

20 - - - 53 - - - 123

24 - - - 37 - - - 160

28 - - - 24 - - - 184

32 - - - 16 - - - 200
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D Size of

th

9

9 200 1

100


b g
 item = 180.9th item = 28

D Size of

th

90

90 200 1

100


b g
 item = 180.9th item = 28

D P Size of

th

1 10

10 200 1

100
 

b g
 item= size of 20.1th item =12

Median = Size of 
200 1

2


th

item = 101.5th item =20

Coefficient of SK
D D Med

D D


 



1 9

9 1

2


  







12 28 2 20

28 12

40 40

16
0

This series is evenly distributed with no Skewness

11H5 ;koKF
fJ; gkm ftZu n;h_ fpywsk dk noE ns/ fpywsk ~ wkgB d/ fszB sohfenk pko/

ikDekoh gqkgs ehsh. ekob ghno;B,pkT[b/ ns/ e?b/ d/ fpywsk ~ wkgD d/ sohfenk ftu'_

ekob ghno;B dk sohek ;G s'_ f}nkdk tofsnk iKdk j? ns/ wjZstg{oB j?. fpywsk

(Skewness) ;k~ tzv d/ ;o{g pko/ ikDekoh fdzdk j?.

11H6 gqFB
11H6H1S'N/ gqFB

1H fpywsk eh j?<

2H fpywsk d/ fBog/y ns/ ;kg/y wkg ftZu eh nzso j?<

11H6H2bzw/ gqFB
1H j/m fby/ nzefVnk s'_ Kell's coeffiient of skewness  gsk eo'.

Marks: 0-20 20-40 40-60 60-80 80-10

No. of Students : 8 12 20 6 4

2H Calculate Bowley's coefficient of Skewness from the following data :

Mid points : 1 2 3 4 5 6 7 8 9 10

Frequency 2 9 11 14 20 24 20 16 5 2

3H j/m fdZs/ nzefVnK s'_ ekob ghno;B dk fpywsk dk wkg gsk eo'.

Age 20-25 25-30 30-35 35-40 40-45 45-50 50-55

No. of Persons. 8 12 20 25 15 12 8



phHJ/H Gkr shik noE-ftfrnkB L gouk d{ik131

4H j/m fdZs/ nzefVnK s'_ Karl Pearson's coeffiient of skewness gsk eo'.

Daily Wages : 100-110 110-120 120-130 130-140 140-150 150-160160-170

Nol of Workers: 1 3 7 20 12 4 3

11H7 gVQB :'r g[;seK
S.P. Gupta : Statistical Methods

S.C.Srivastava

and Smt. S. Srivastava : Quantitative Techniques.

Type Setting :

Department of Distance Education, Punjabi University, Patiala.



P

gzikph

o'b BzL HHHHHHHHHHHHHHHHHHHHHHHH

phHJ/H Gkr shik (;w?;No-S/tK) noE-ftfrnkB - gouk d{ik

gkm gqkgs eoB dh fwsh HHHHHHHHHHHHHHHHHHHH gqkgs ehs/ nzeHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHH

ftfdnkoEh d[nkok T[Zso-gZso G/iD nfXnkge d/ j;skyo ns/ fwsh HHHHHHHHHHHHHHHHHHHH

dh fwshHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHH j/mK nkgDk BK ns/ g{ok gsk ;kc-;kc fby'L

BZEh ehs/ gzfBnK dh frDshHHHHHHHHHHHHHHHHHH HHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHH

HHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHH

HHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHH

ftGkr ftZu gj[zuD dh fwsh HHHHHHHHHHHHHH HHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHH

;wK L 1 xzNk 15 fwzN e[Zb nze L 25 Marks

tZv/ gqFB L e'Jh fJZe gqFB eo'.
q

P


1

2
j/m fdZs/ cbB dk tZX s'I tZX ns/ xZN s'I xZN w[Zb eZY'.

y = (x-3)5 (x+1)4

3. Calculate Arithmetic Mean from the following:

Marks No. of Students Marks No. of Students

Marks below10 15 Marks below 50 96

   ,,      ,,       20 35    ,,      ,,       60 127

   ,,      ,,       30 60    ,,      ,,       70 198

   ,,      ,,       40 84    ,,      ,,       80 250

4. The following are the scores of two batsman A and B in a series of innings:

A: 12 115 6 73 7 19 119 36 84 29

B: 47 12 76 42 4 51 37 48 13 0

(i) Who is better run getter ?

133

(ii) Who is a more consistent player ? (1x15=15 Marks)



S'N/ gqFB L e'Jh gzi gqFB eo'.

1H ;wkB ;w{j ns/ G[b ;w{j ftZu coe dZ;'.

2H bkrs cbB s'I eh Gkt j?.

3H n?e;g'B/Fhnb cbBK dhnK T[dkjoDK fdT[.

4H fwBhw?w wkB gqkgs eoB bJh fejVhnK d' FosK jB.

5H i/eo e[Zb nkwdB R = 14x-x2 j't/ sK n";s nkwdB ns/ ;hwKs nkwdB gsk eo'.

6H w?Nfoe; d/ ftgohs s'I eh Gkt j?<

7H fBoXkoe d/ d' r[D dZ;'.

8H rfDse n";s s'I eh Gkt j?.

9H fybko dh gfoGkFk fdT[.

10H fpywsk eh j?. (5x2=10 Marks)

135

T[sZo-gZso g{ok j' ikD T[gozs fJ; gs/ s/ G/fink ikt/L fvgNh ofi;Noko, fv;N?I;

n?i{e/FB ftGkr, gzikph :{Bhtof;Nh, gfNnkbk-147002H


