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(Maxima and Minima of a Function)
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H3d3Ha  fegtmt

Us dud : 1.1 Bfar @ 3. feust duzr
AHd M3 €35
(Sets and Functions)

gu Jur (Structure)

1.0 gtar

1.1 H3e

1.2 HHJ € H3®Y

1.3 AHg € Wad

1.4 AHT & fgus & <€ar

1.5 AHg ur 5397 gdf yare@
1.6 AHT €t famdt

1.7 HHJ € HI'B6

1.8 HHJT €7 »i3d

1.9 e85

1.10 <©8&F dhmi famaut
.11 wWdg HH3d I Wy es&f

1.12  H'dH

.13 YHS&

1.14  U3& Wdl YHSA
1.0 gfuar

o ot fa@dt (Set Theory) AHa fiuiz wifez dinii nwiufsa Aer e wag 31 Wdg-HHIT
g 99 Ugsel HIE fa THZMT ¥ AHT (Set of Commodities), dH3T € AHT (Set of Prices) »ife
3 Hd® qd6 B HHI € yudl dder J1 fen Bt fen us few wiHl Aug w3 €8s T witmis daidn
1.1 H3e

fen s ¥ Wy H3T HHT ¥ H3BY, AHd ¢ feues € <ar w3 fen € famni wife
g9 "eEddt yuz Jaer I fen I fewer e85 v w3sy, fen dit famdt w3 wigg-aHI39
@9 yuar de @@ Wy €8s’ g1d < weddt yuz qds Ji
1.2 AHd € H3BH™

Mg dast @ dles feg mrt 3 (group), T899 (family), f€a3 (flock) mife weer ar
YUdr 9a9¢ If, o fa AHg € Ie g wIner Is|

uydg dife3s f€u fen w7 W38y Sydr I fed yard feni eagni @ feds & mug faar
et 31 eagi © ufggmr sld M3 ugTse uwar J3t gdiEl d1 A set is a collection or a
group of well-defined and well-distinguished objects or numbers. @€/dds & :
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(i) fea ge3 few fest u AHg
(ii)  Economics HEE &9 HQd mudl € HHJ
(iii) 393 @9 € H'd dW T HUJI
(iv) yfgf3a »faf (natural numbers) € HHI & WM™ 39 3 &3 niud’ A,B,C, »ife
&5 fgfmr wer 3
1.3 AHd @ W9d (Elements of a Set)
fed AHg feg IHMT areht @r3t & @H AHO € Aag fqar #fer 31 AHg & Waaf
My 339 3 §ddeH (Brackets) feg @dase di3r Afer & W3 &2 wiud' a, b, c.. mife &8
TaguTfen wier 31 ddd dEt St Hud waatewr famr 9@ 31 fem @ fed =g fafumr wier 3
Qegae & : A=(2,4,6,8),9d niai Hed’ 2, 4, 6 M3 8 ¥ HHJ JI ddd AHJ € WEd
i (Commas) 90t Suar di3r wier 3, #@F fed Ad Wugt <t yfimz fea Ta €9
s a9 &3t wiEt 3
Hdd AHg € WEd 1, 3, 5, 7, 3 d& 3T AMd & fen yaa ffmr wdar :
B=[1,3,5,7]
c u fdg v Agd 3" m3 ¢ © g ¥ Weg &df I Qugde &
7<BM3 8¢B.
1.4 AHd & fesue @ < (Describing a SET)
far @t mg g f¥6 yaa & fefmr wer 3 -
(i) dHed W Wdalade ¥ 3IdlaT (Roster or tabulation method):
fen 3dtd €9 AMg € A9 Audl & "dder (Brackets) f@g faftmr wer 3
Gegde & : A={a,e,i,0, 1)
B=11,3,5,7, 9
C = (ECONOMICS}
(ii) <dEo3Ha TaH 3dlar (Descriptive Phrase Method):
fen 3d1d adt AHT € W3 Aaat § fea @dm gwragr wanAenr Aer 31 feg
gy gdde feg fafmr aier 3
Gugds e : A={03 20% fegaa @ fhun »ia}
B = {Physics Hg€ € H'd Myd}
(iii) HWHJ "Y&3d JU (Set-builder form):
fen 3dta ardt wHt fea fsum,are TaA@e of & AHg € Had g5 Bl I9
nigr feg Jder wgdt Ji
@e¥gde @ : A = {x:x is a river passing through Punjab}

s

s

B = {x:x is even number less than 20)
1.5 AHg ¥ J&f93ar gt yare'® (Diagramatic representation of Set)
AHagt § 2&-fF33 (Venn-diagrames) Irdt &t wanfenr wier 31 AHT & T @S =T
dIdTed (Graphic) Idtar J1 a-fg39 di® wfed € gu feg Jder I AW € Idd Wed &
feq fdg adt wonfemr wier 31 Qegde @ 7 A = (ECONOMICS} € H'd W€l € HHJ}
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37 fen wr ¥s-fI39 J<ar

B = [Set of odd numbers less then 10]
31 fen = 25-fd3d J2ar -

1.6 HAHd ¥t faAdt (Types of Sets)
AHd ©hf et farnt g8 -
(a) 4S8l WHI (Null Set/Empty Set)
i Ayg few Jet &t Hud & J2, @ & udt AT faor #fer 31 uEt AHg
$ ¢ (Phai-emwEl) # {} &® waATemr wier JI
GEgde & : A=[x:x9d Wyl TF mreHl]
B={y:y-1=0andy?- 6}
(b) fea®l AMT (Unit or Singleton Set)
fir AHg e feq ot Aed 92, @w ¢ feael myg faor wer Ji
Gegde & : A={10}
B = {x: x is the moon}
C = {x : x is the President of India}
(c) ufgH3 FWHJ (Finite Set)
ufgHz AHg few Aaa’ &t faedt faesuar It I
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Qugdes & : A={2,4,6,8
B = { Sutlej, Beas, Ravi}
C = (x:x1is an integer - 1<x < 6)
(d) »d3 HWHJ (Infinite Set)
A Agg €9 Madt &t faedt o7 7 WA, 8H & »&3 AHg fagr wer Ji
@¥gde & : B = {x:xis an odd integer}
C = {x : x is a star in the sky}
() feWe HAHT (Universal Set)
99 W3 AHg fagt v wiftms o3 ar foor 3, fait fea fonfez mig € Gu-
AHd (Sub-Set) I, 3t Qg fonfes ma & fewe AHg fagr wier 31 few @
M 39 3 'U'dA’ 'E &8 EIHTem wier J|
Qegge & : (i) o wHT feqd €N (dice) 8 Heed df 3t fen e fene AHg
A3 48 J2dr U={1,2,3,4,5, 6} (faGfa 3etm € ¢ un de Jg)
(i) s B2 W3 I f¥5 MT A, B, C T3,
A=(1,3,5)
B=(a, b, )
C=(b,p,q. 1)
3t U=(1,3,54a,b,c,p,q, 1)
&8 AHg Ag AHg Uer Qu-AaHg fagr #er 31 feR 3gqF Bw3 C<t UE Qu-mdg
I51 mag3 U fere-rAdg J1 m3 A, B, C fen € Qu-Adag Js|
AcCU
BcU
Ccu
fifd 'c' fdg Qu-radg & wan@er Ji
feme AHg & 2¥5-fe3d IdT Rectangle envar EgAemT wier J|
() Hd3l HWHI (Power Set)
Hdd fed AHg A€ A3 Qu-AHat & fedsr qad fea s AMg ger f3r A<,
3t fen 5¢ AHI § Ha3t AHg faar #fer 31 fem e fds P(A) I fma Afea
AHg J1 Qegde e

(i) T A=(ab)
fen € 99 Qu-AHg Ts -
¢, (a), (b), (a, b)

3t A€ A3t AHg J2ar

P(A) = (9. (a), (b), (a, b)}
(ii) T A=4,5,6)
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3T P(A)=1{¢. (4), (5), (6), (4,5), (5,6), (4,6), (4,5,6)}
(g2) HH'S HHJ (Equal/Identical Sets)
Y AHdT § AN'S AU faar #wier 3 dAag def @ Wadt & foe3t ga=g I@
3 €<t & A9d AHE JTI €d HEel feg dAd9 fed AT € Wd WEd I8 3
¥d AHd € Wd WHd ufg@ mdg € <t Wad J& 37 ¥ HHT HIHd TS|
AH'S AHdT § = 95 o& faftmr wier 3
A AcBwW3 BCA
Gurgde &
(i) Add A={2, 4,6, 8}
w3 B=1{6,8, 4, 2}
3T A=B
(ii) A = {x : x is a letter of the word year)
B=]y, e, a,r]
3T A=B
(iii) #d4d A= (2)
"3 B = (x:x-2 = 0)
3T A=B
(h) 38 HUJ (Equivalent Sets)
e @ AMgT €9 Waal &t foredt gagg 92 I wifud ATt & 3B AU faar
wer 31 @ugde e
a1 A={a, e, i, o0,
B={1,2,3,4, 5}
3T An3 B3I® HHJ I&1 I AHTT & 5, # ~ fdgi gmrar wanfenr wier
JI
ie. ANBH A, B.
(i) WHYU3 HWHJ (Mutually Exclusive or Disjoint Sets)
7Y € AHIT Am3 BEr dEl & Weg Aigr o7 J° 31 fegi & mAdu3 AHT faar
der JI
Gergde =i ¢
(i) A = (I, W)
B = (Hia", wal3)
37T An3 BWHYU3 HHJ TS|
(ii) Cc=(1,2,3)

D=(xy)
Aw3 BwHYU3 AHJ do fa@fa et < wag wisT &dt)
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25-fgd39 ardt

A B C D
WHYU3 AHJT € Yf38¥s (intersection) ydt der J:
ANnB=¢, CnD=¢
e fdg ~ yf3ees ¢ wan@er Ji

G) udAud femnft (Overlapping Sets)
¥ AHaT § ugnud fenmut g fagr wier 3 #Add Qg v uewe ffq Wag

S Jd2|

Gugde = A B
A=(1,2,3,4)
B=(3,4,5,6)

3t A3 Budrud femmit Ao g5 fa@fa @xf €@ € Wed 3 W3 4 A JaI

ANB=(3,4)
1.7 HHdT ¥ HY'®S (Set Operations)
AHJT € He'®s Jds f8d wmgnd J

(A) HAMJT € Ydd HHJI (Complement of a Set)
Had AHd A fene Wdg E e Qu-Adg 3 3€ wHl few € udd AHg yuz 49
HaY Il Ydd AU €9 G@g A9 Wed Jdedl o3 Ao Afew adt gs1 ygqa
mMg & few 3¢ wantewr wier J -
AlorA°={x:xgA} A A'orA°={x:xecE,xgA}
udd HHg @ ¥ feum few 397 I
(i) U'=¢
fene AMg v udd AHT fed St AHT J2ar|
(i) o'=U
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Y8l AHd € Ydd fene AHg J2am
(i)  AUA'=E
(iv) ANA'=¢
M (') =a
(vi) (AUB) =A' "B'
(viij  (AnB) =A'UB'
(B) HMJ' ¥ HW (Union of Set)
Y AHIT Am3 BE Hw fed 5@ AHT € "d9d der d fan €9 & g A
¥ Ad Hed, @ AHd B ¥ Wd Hud (A7 ¥&7 € Wd HEd) HHE de JIs|
Ha3t ardatf
AuBz[x:xerrxeBorxebothAandB]
Mgt € Hw 3§ 26933 gt <t wawfewr W Haer Ji

AUB @ 30 & A3 o5 fewfowr fomm 3

@uigds =
a A=[1,2,3,4,56]
B =[3,4,6,8,10]
3 AUB=[1,2,3,4,5,6,8,10]

A B
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AuB fo3g &g A3 o5 foufenr famrr 3

Qvgas : g ad fa AUA=A

v

d&:

(i)

(i)

(2)

feag fHu d9s et fa feqd AHT A€ A5 dt HW AHT A ¥ "dgd der J,
A () W3 (i) ffa ads <t S3 udit -

) AUAcCA (i) AcAUA

I AUACA T H38Y 3 :

det xe AUA——>xeAorxeA

=>x€A

feR 3gF AcAUA © H38Y J fa
ddt yeA—>yeAoryeA UA

=>yeAUA

:ACAUA .............. II
I3 113 wel g aa fd3r I

A=AUA,or AUA =A
fen & »HT AHat € Hw e wElBWide fswH (Idempotent law of union of
sets) afde a7l fen 3 wHt ¥H Wae I fa AT (AU A)T g9 WEd AHT A
T Hed J M3 AHJI AT Jd HEd HHI A U A © < Hed J1 Adagt € Hw
¥ ¥4 HJI3QUds fsun Is -
gt € Hw ¥ JaH TeiwdT fsWH (Commutative Law of Union of two
sets)
fen fosun € wigAd §# Am3 BE HHI I&, 3F

AUB=BUA
Gr AuB=[xeu:xeA0rxeB]

=[xeu:xeBorxeA]=BuA
AHat € Hw ¥ Hfgga3r ® fsuH (Associative Law of Union of three
sets)
fen fswn @ wigAg (AUB)UC=AU(BUC)
AHat € Yf38¥s (Intersection of Sets)
Aw3 B¥E Yf3ses fed nifnd aef AHg Jder 3 fam € Wed’ € AHg Am3
B¥di € HEdl &8 HYU3 Jer dI Wdg3 & HHJ € WYd €67 HHIT € HiZ
Agd g Is|
Hazt gt

AuB=[x:xeAm§xeB]
Qergge =
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Add  A=(4,5,6)
B=(6,8, 12)
3T AUB = (6)
Haz adf yf3aes & ofuzal adl <t wanfewr w7 waer Ji

A B

fo39 &9 4 A3 di3r dfemr 439 Am3 B yf3ses & wan@er JI
AHat @ Yf3ses ¥ daH Teivdr fawH (Commutative Law Intersection
of Sets)

fem @ fsun »gHT ANB=BnA

de AmB=[xeu:xeAandxeB]

= [xeu:xeBandxeA]=BﬁA

gt @ yfsaes u HfgwazT e fsuH (Associative Law of Intersection
of Sets)

fem ¥ feu wigma AN(BNC)=(AnB)NC

fesge3thid fsun (Distributive Law)
wHl fig ddsT d fa

(a) An(BuC)=(AnB)U(ANC)
(b) AUBNC)=(AUB)N(AUC)
9 ANBuUC)=[xeu:xeAandxeBuUC]
= [xeu:xeAand (xeBorxeC)]
= [xeu:(xeAandg(eB)or(xeAandxeC)]
= [xeu:xe(AmB\ﬁrxe(AmC)]
= (AUB)u(AULC)
(b) & fefemragdt »y I8 q951
1.8 HHJT ¥ W39 (Difference o1 Sets)
¥ HHd Am3 BeEr w39 feq nifdgr aMg 3 fim @ W9d AAMT @ J6 ud +

AHd B ¥ Wed &df Js1 naw3 fen €9 & Hed Am3 Bdal € Agd Js,
AHS &df o3 drad|

Ha3" grdf ~A-B=(x:xeA,x¢B)
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w3 B-A=(x:xeB,x¢A)
Gergds =
ddd  A=(a,b,x,y,2)
B=(c,d,e,x, 2z

A-B=(a, b,y
B-A=(c,d,e)
25-fg3at ardt

A B
— _,e
=

A3 (=) di3r 439 = A-B
A3 () 137 839 = B-A

A-B#B-A
€ HAHagt © H3f83 39 (Symmtric difference between two sets)
The symmetric difference of two sets A, B is the set of those elements which are
either in A or in B but not in both A, B.
Y AHI A3 BEr H3f83 »3d feq wifwgr AMg 3 fam € Aeg #F 3t A< Wea ds,
W AHg B ¥ A¥d I6, ud3z €I HHIT € HiZ Hud &df g5 HA3T gt

AAB=[x:xe AUBand x ¢ AN B]

" AAB=[AUB|-[ANB]
2z fd39 gdf

A B

A3 (=) di3r dfemr 439 Am3 B e H3MB3 nizg ¢ wan@er Ji
€vrgds o
ddd  A={a,b,c,d, e, imM3 B={1,2,3,c,f}
AVB=(a,b,d,e, 1,2, 3)
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1.9 885 (Function)

Heu € ugsT 3 A €86 € udsT 99 u3T Yder J1 He B Am3 BY AHJ I5|
H& BQ fan fsuH 'f wigHd AHT AT Jd fed Agd xAdg & fan »E3t (unique) HEd y
&8 HYUg gder J 3T fen AdU & €8s afde I8 €886 & M 39 3 'f Wiud &% Taremr
wer 31 w3 fen g few 3¢ foud 96 y=1(x), T8 YHHg Be Had J, X3 Ae Hed
I M3 fxm3 y<e Hdg © fsun I

f:X—>Y,xeX,f(x)=y,er

€8s ©f ufggmr fen yara J2qit -

"Suppose that to each element in a Set A, there is assigned, by some manner or
other, a unique element of a set B, We call such assignment a function. Let us f denote
these assignments, then we write : f= A 5 B

which reads 'f' is a function of A into B."

AHd A €86 ¥ domain faar wier 3 W3 B fe’ Co-domain.

Hdd a3 A3T Bfeg a3 element et assign di37 wiwr 3, @H & image faar wter
Jd M3 fe&g f(a) a8 waulenr wier JI

feg wgdt &df 3 fa B gd fed element A€ fdA element € image d21 et
dd (range) B® @%F elements € J<dft ¥ fa A € wd-we fea element & image I
da § fem 3gT wanfenmr wier J

Range of f: A>Bisf(A)

de ad fa f(A), Ber fea Qu-Aava JI

Domain Range

@ y=f (x)

Gugde & - 7 PIM3 I 3 Xfan enz < uast I 31 yast ez few 3t fafimr
A7 Hder J
x=1f(P)
wag3 yddt divz @3 fsgsa aaet I
7 CQu3ur 3 3 YwHes I 3t Qu3dr €8s fenw 3¢ fofumm 7 Aaer I
c=1(Y)
mag3 Qudar mies @3 fadgsa aaet T
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1.10 €857 dmi WY famif (Classification of functions)

e3st dmit 99 WY faunt d& fadtt gs

(i) Afag,Mud €85 (Constant function)
fn €8s & Iu few fage fea ot Aag der I Gw ¢ wiaagmed 86 faar
Aer 3
Gegge e

y=A

A f(x) = ), @ ) fed »Ed (constant) T

(ii) HUHZ €86 (Explicit Function)
7 yIId 99 & s H gu few w39 909 I Uz &3 o Haer 92 fewm
ydd € €86 & HUHC €86 fagr wier Ji
Bugde =

y=@Bx+5*

(iii) YHUYAZ €8s (Implicit function)
7Y YI3d 9d € UG HE gu €9 339 99 3 Uz & dizr #r waer 92 few
ydd € €85 § MAUAC €8s faar #Afer Ji
Gegge e
(i) ax?+by?+cx+dy+C=0
(ii) x* - 3yx? + 2xy?-25=0

(iv) em3fed W& E®6 (Real-Valued Function)
fin €85 € yge 433 w3 I° en3feqd iat € AHg JdT, 8w ¢ ewmsfed Wy
€8s faar #Ater Ji

(vy f&a H® e®s (Single-valued function)
fn e85 feg W39 wd € U® ¢ Hiu few yI39 w9 u fhge fea ot U&®
J2, On 3 feads, €8s faar wier Ji

Gugde e
(1) y = 4x+5
. _3x+4
(i) y 6x+7

(vij dg-H® ©8& (Multi-valued/Multi form function)
wigT €8s fan feg H339 99 € HE® € Hdu feg Y339 99 ¢ feq 3 <u
HE JdT 3 wind €86 & 9g-H8 €8s fagr wier Ji
Gegge e

(1) y = x2+3x -5 (Quadratic function)

(i)  y=vx+5 () y=vx
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(viij feaw3t €35 (Linear function)
fm €88 & W3 (degree) fed @ gdgd J° €W ¢ feqwst €8s fagr wier
J1
BGugde =
y=ax+b
(viii) <U€ €88 (Increasing function)
¥ H33d 99 € W feg @ de &8 Y339 99 € Uy few <t eur Jer I,
3¢ Miid €86 & <uer €8s fagr #Aer Ji
Gegge e
y = x*+4x+5
T x=1,y=(1)>+4(1)+5=10
x=2,y=(2)2+4((2)+5=17
x=3,y=(3)92+4(3)+5=26
(ix) ued &5 (Decreasing function)
7€ H33d 90 € Uy feg wer JT &8 Y339 99 ¢ Uy feg < wrer Jer

v

Jd, 3€ wind €8s ¢ uleer €8s faar #Aer Ji

BGugde =
20
Y x+4
20
e x=1,y=—=4
5
20

e X=2,y=?=3.33

e x:ayzggzzss

e X=4,y=%=2.5
(x) €3 e85 (Inverse function)
Add y=f (x) A€t feqa e@s d=° 37 fen I feqd 99 €85 x=¢ (y) dfemr 77 Aaer
J2 3 I8 Tust fea gd & @8e ems afgmEait
Qegge &

y=9x+6»|§x:yT_6
(i) _5x+3»|§ 3-9y fea g < @35 e8sT IB|

= X =
YT x40 2y-5
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1.1 w3g ¥}H3d fed ydaor JT @8 I¥ WY ©B&' (Main functions used in

Economics)

»dg HH3J feg Yular d& @8 Wy €8s fen ydd dJs

()

(id)

(iii)

(iv)

Hdl €85 (Demand function)
He 8@ qfan enz < Har € w3ar 3 w3 P33 3 37 Har €8s & few 397
TaATEMT T Ader JI
q=1f(P)
Har €8s Har € feun 3 fsdgsa daet I
Har €5 fea weer g6 J faf@fa w3z fég eur de ss Har feg ot
et 31 fen Bt Har ed9 & €8 (Slope) fae=zwa dIEt I
yd3l €85 (Supply function)
Qua &3 famr €85 q=f (P) yd3t €85 wau@er d #dd q 3§ wHT @nz <t
yast e Bere| falfa dvz feg @0 &8 yast 9 & eur ger 3 fen =et
ygst edgd € 8BS HAd3HA (Positive) g€l I
@3u=s €85 (Production Function)
Q3ues €8s Quw w3 wust &9 Wdu THer d1 ddd Q @3uws I, uHl (k)
mM3 HWiEd (L) AUs J6 37 Q3uws €8s & fen 397 waufemr wr Haer JI
Q=f(K, L)
Qegge &

Q=AK*l? 48 o, constant I&

MHES €85 (Revenue function)
mHes <H3 ©f feadt W3 dW3 3 fodgg dger I Add R = m™eEs, P =diH3
m3 X =<TA3 < W3dT 3T mHEs €8s fen 3¢ wanden A7 Haer Ji
R=f(P,X)W R=P, x
Gegge e
Hdd P =2x-3 31
MHYS €86 (Revenue function) = Px
= (2x-3) x = 2x>-3x J<ar|

B3 €85 (Cost function)
Had feqd enz X & 948 BWE CJe 3 I8 BWIEP €86 & fen IgF wanfemr ardam

C=f(X)

WH3 BWIZ €86 ¢ few yara eantfewr wier 3

1.12 HTIH

ds sl C
AC »dg3 WH3 JWIS3 = T=§

fern uts e wHl AMg w3 €8st ¥d weadl &3t aret 31 Ay u W3sy, fgue @
©d, AHg € faait 3 He'®s Qegde Afg3z TR I° J51 €86, €85 i fanHi, nige-



#te grar Jwr 15 wag fefamrs : uger gar

HH3d &9 yuar d @8 Ig WY &8s 3 deadt < fest aret J
1.13 YHS
8 UHS
(i) g 3 df 3@ JI
(ii) +AHg & fsus € <ar €HI
(iii) ™HS AHT M3 3B HHJ &9 eda =n|
(iv) HUHC €8& M3 WHUAC €86 €9 gdd uHI
(v) g3uws ess I dt Iw I
3 Ups
(i) Add A=(1,2,3,4,5)
B=(2,4,6,7,9)
c=(3,5,6,7,8)
fifm @@ fa () AU(BUC)=(BUC)UA
b) An(BUC)=(ANB)U(ANC)
"3 A~B U3 AdI
(i) a9 u=[1,2,3,4,56,7,8,9,10]
A=(1,2,3,4) B=(3,5,8, 10), Verify that
(i) (AUB)" =A° NB€
(ii) (ANB)" =A° UB®
(iii) AAB=(A-B)u(B-A)

(iii)  Define a set; what is meant by empty set ? Find the union and intersection
of the following sets.

@ S =[abcls, =12}
(ii) S, =[a,b,c] S, ={a,b,1}
(iv) State and Prove Associative Law for the union and Intersection of Sets.

(v) €8s ©f ufggmr wn w3 fenm dhwi Wy famut a9 <t en|
1.14 UFs I YHSA

1. Aggarwal and Joshi : Mathematics for Students of Economics.
2. Bhardwaj and Sabharwal: Mathematics for Students of Economics.
3. Aggarwal, Bhardwaj, Bains : Quantitative Methods (Pbi. Med.).
and Inder Kurmar
4. Balwant Kandoi : Mathematics for Business and Economics with

Applications.
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s & 1.2 Bfyar : 31 feus duzT

U9 wMedsd
(Simple Derivatives)
gu-duT (Structure)
2.0 gtar
2.1 H3e
2.2 MSIBH dATq
221 faR fdg 3 wedasq
222 wfe 3 neasd
23 nedBs € d9 foum
23.1 WUdE e3&f ¢ faum
232 ¥ 83&F ¥ #AF AT WIG T mIdSs
233 © S8&T € UE&EH T MIABS
234 © S8& € INREY T MIdSS
24 93 Jd SBET ¢ NIABS

2.5 ATITH
2.6 YHS

2.7 UIS WdT YASAT
2.0 gfHar

fugd us o IHT eBa’ °d weadt yuz diSt #t w3 few us &9 wHl AUdeE
e85T € MIIABA YU3 Jds °d wftds Iaidt|
2.1 H3e

fen s ¥ HY H3T AUdE €85 € WEdSd YU3 JdET M3 wEd8s € JF fEuHt
g7d dEdrdt yuz Jdst Ji
2.2 nEdBs dieid (Differential Coefficient)

He 88 y=f(x) fed €8s J1 i@ x AI3d M3 y Y33d 99 Ja| fen &3 ezs =r
MBS deid fam3 Jqas € fafomm § wmedas®s (Differentiation) Wue Ia|
2.2.1 far fdg 3 wedsq

HE BF y=1(X) corerrennnnnn. (i)

He B e85 (i) €9 Wdd x 99 € W €9 mufedt (Small increment) Ax |13t
7| fa@fa yer ws x 3 fogsa I, fen Bet y @ ws &9 & Waz feut Jd2at vs =6
y € Wie &9 Haz fedt Ay det Ji

16
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LY TAY =T (XHAX) (ii)
mtage (i) &9 mildds () § we@e 3
Ay = £ (X + AX) = £ (X) cveeerereeeennn. (iii)

dge Oyt § Ax &8 IdT @€ 3

A_y:f(X+AX)—f(x)

A 0
AX AX (Xi )

A_y_f(X+AX)—f(x)
AX AX

& fedt mau3 (Incremental ratio) faar wer J1 &

[f(x +AX) -
Lt
Ax—0 AX

(differentiable) der JI

f(x)] Jde 9 9@ w3 fomrz &3t a7 Al 37 €86 f (x) medsslw

A . d .
t 2 S —y?f"gﬁ'Tc_IU?H"]BTFFETE?I
Ax—0 Ax T dx =

Cdy _ Lt f(x+Ax)-f(x)
dx ax—0 AX
fagr #ter Ji
€85 f(x) ¥ x=b ffg I MTIBA (Derivative)
f(b+x)-f(b)

X

& €85 f(x) € mEd8s ded (differential coefficient)

H%EQf(x),xETé*e‘fszBfA%tb 5 e85 f(x) e fdg x=b

3 WEIABA wftmr wier & w3 fem @ f(b) &8 feguz di3r #Afer I

d d d .
32:—y?matrdy+dx?>—<ﬁna‘ff‘8nwwer—(y)ﬁl—ymwm
dx dx dx =

(Symbol) JI
Quggs 1: u ad fa e85 f(x) =x2 + 2x + 2 meEagsy I fem & @aF d9e I f (x)
T x=2 3 mEAss fam3 ad|

I& @ y=x?+2x+2.n, (i)
.'.y+Ay:(x+Ax)2+2(x+Ax)+2 ........... (ii)
.'.y+Ay—y:(X+AX)2+2(X+AX)+2—X2—2X—2
5 AY = 2% AX + Ax? + 2Ax

LAY = AX(2x + Ax + 2)

A—y=(2X+AX+2)
Ax
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Lt Yt (2x+Ax+2)
Ax—0 AX  Ax—0

d—y:2x+2
dx
x=23 WMdBS WA =f(2)=2.2.+2=6
2.2.2 wifg I w<asd (Differentiation 'abinitio' or from the first principle)
»eEa®s € fimrdt gu @ firdt yinit € @93 qds 3 fagt medsd Yyu3 dds
3daid @ »iife 3 weass @ fedl fagr wier 31 fen § ds €3 3dd &8 yuz dizr wier
J1

Ay = \/E—\/X+Ax X\/;+\/X+AX
(&)(M) Jx +x + Ax

-Ax

(V) (v &) (Vo + o+ )

Ay =

Ay -1

E_\/;(\/X+AX)(\/;+\/X+AX)

Lt Ay -1 _ -1

1
M0 AX \/E(\/;) (\/;-i-\/;) X(Q\/;) 2x3/?

_3x+4

@vgae 2: ¥y PR

o x @ AUY wfe 3 wedsd dJl|
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mHlgge (i) & (i) €9 we®
_3(x+Ax)+4 3x+4
T 4(x+Ax)+5 4x+5

(3x +3Ax + 4) (4x +5-(3x+4) (4x + 4Ax + 5))
B (4x + 4Ax +5) (4x + 5)

—AX
4% +4Ax +5) (4x+5)

Ay:(

-1
4% +4Ax +5) (4x+5)

Ay:(

Lt ﬂz_—lz
Ax—0 AX (4X+5)

-1

d
o d_X(y) ) (4x+5)2

2.3 meass € d9 f6uH (Rules of Differentiation)
I¥ standard €8&T @ nedss & fsuH I &g »igAgd Is
2.3.1 HUGs ©8af € fau
2.3.1.1 9d ¥ WIdBd (Derivative of a variable)
He 8@ y=x, 3
L () =(x)-1
2.3.1.2 M9d TNl ¥ MTABA (Derivative of a constant)
He 3@ y=c, 3F
)= (0)=0
2.3.1.3 x* €7 WSdBA
He 8@ y=x», 3F
d
dx
2.3.1.14 ax®" T nedsd
Hdd y = ax”, 3F

(Xn) _ nxn—l

yddr €A’
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di(axn) = anx™!
X
Q@vgae 3: dAdd y=7 3
d d
Z(y)==(7)=0
dx(y) dx()
Hdd y = x°, 3
di(xg) =9x° =9x®
X
Hdd y = 15x°
4y d 6)_1=d (16)_ 5 _ 00y
: d—X(y)—d—X(ISX )—15d—x(x )=15x6x° = 90x

232 ¥V €85 ¥ W A wWIAE w nEdsdA
He 8@ y=p+v
fa p=f(x)andv =g (x)
dy d d
=L = (p)t—
dx dx(“) dx(v)
@ugdes 4 ¥s B
y=(3x*—2x2 + 7) + (7% + 8)
fa p=3x3-2x2+7 M3 v=7x>+8
. dy _d

L (3 -2k + 7)1 (77 4 8)

. j—y=(9x2 —4x)+14x = 9x” + 14x - 4x = 9x” +10x
X

AT 9x? —4x - 14x = 9x? - 18x
2.3.3 € T35 € TUS6eS © MIASH

He 6 y=puv

M p=rf (x

v =10 (x)

d d d d

d—z:d—x(w)zu.d—x(v)w.d—x(u)
Qugas 5: Ws BF y= (x2+2x)° (x-7)

M u=(x2+2x)° M3 v=(x-7)

% :%(x2 +2X)3 (x-7)= (x2 + 2X)3 .(;ix(x—7)+(x —7)%{(){2 + 2X)3

% = (x2 +2X)3.1+(X—7).3(X2 +2x)2 c%((x2 +2X)

yddr €A’
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Z(XQ-k2x)13(x“7)(X2‘*2X)2(2X'+2)]
=[x 2] [+ 25 6(x-7) (x4 1)

dy
dx
2.3.4 @m@m@m

= (x2 + 2x)2 [7x2 ~34x - 42]

He 86 y=
@ u
v

<|c

—_

f (x)
o (%)
a_alt) vl
dx dx V2
fen & wiyat €9 J&i & 37 f8fmr w1 waer Ji
BT ¥ INEH T NS dId

x

_ (@) x(vl7 T wed® TETE)-(wA) (99 T weas IeTa)

2

(g9)

o 1+
@ugdes 6: He B y= X

- 1-x

dy (l—x)l/zi(l+x)1/2 —(1+X)1/2 .dix(l—x)l/2

Tdx (1-x)

1 1

(1-x)2 L(1+x) 2 —(1+x);;1 (1-x)" (1)

(1-x)
V1-x N V1+x
_24/1+x 21-x _ 1
(1-x) (1+x)/?(1-x)*"?
Gegde 7: I 3 B € WEdBS WS A B3I
(i) 4x® -7 (i) (2x2 - 7) (4x + 3)
x2+4

() — (V) (x+2) (@x+1)

D UddT EdT
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d d d
i) y=4x*-7,Y -4 = (3)—&(7)

dx dx
Ay _ 1052
dx
(ii) = (2x2-7) (4x + 3)
dy 2 d d 2
™~ = (2x 7)5(4x+3)+(4x+3)£(2x -7

j—z: (25 - 7) (4) + (4x + 3) (4x)

=8%%-28+16%x2% +12x =24x° +12x - 28

x2+4
X+ 2

(iii) y=

dy (x+2)i(x2 +4)—(X2 +4)%(X+2)

dx (x+ 2)2

_ﬂ_(XJ“Q)(QX)_(XQ+4)_2x2+4x—x2—4

S dx (x+2)2 - (x+2)2

_d_y_x2+4x—4
dx (x+2)2
(iv) y=(x+2(2x+4)

j_iz (x+ z)dd_x(zx +4)+ (2x + 4);_X(X +2)

=x+2)(2)+(2x+4).1
=2x+4+2x+4=4x+8

ygs B3t 1

Jof fid3 SBsT © neEdBs dITid B3|

. Lo 1 3x
1. (i) 2x3-5x2+ 7x + 8 (ii) ﬁ (iii) 52 1

. 6x? . 2x
> ) 2x +1 (i) 5x% + 4 (i)

% o lex (x+2)(x+3)
N ] ) i~ ) (x-2) (x-3)

D UddT EdT
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a. () x.3x-1 (i) (1-+x)(1+Vx) (i) (5x-7)3.(4x-3)
2.4 9% Jdd ©%af © nEd8s
2.4.1 fJE cbB d/ cbB dk ntebi (Derivative of a function of a function)
He 3G y=f(u) M3 u=9¢ (x)
feg y, u v wififar ess JI
dy_dy du
“dx du dx
femr & Chain Rule fagr #ar 31

Qvgae 8. W6 8@ y=3-7p2+8, M3 p=x%-4x

dy _dy dp
dx dp dx

y=p®-7u%+8

dy 2
S =L =3u%-14
du n 2
u:x2—4x
.'.%:2x—4
X
cdy _ 2
--&—(?m ~14p)(2x - 4)
dy
L= =pu(3u-14)(2x -4
o - M(Br-14)(2x-4)
dy (.2 2
d—X—(x —4x)(3x —12X—14)(2X—4)
Qugas 9. Hs G z=y* - 7y2+ 2y M3 y=x?
(dz_dz dy
“dx_dy dx
. dz _ 2 d_y=
..5_(337 ~14y+2), 3 = 2%
.dz o o4 2
..&_(3;( ~14x% +2) (2x)

2.4.2 Yaf8d @B&T ¥ wW<dBA (Derivatives of an implicit functions)

ax®> + by? + ex + dy + c = 0 feqd yraf8a €8& (Implicit function) e Gergde J1 fen
€9 Y33 99 e W8 U gu €9 H33d 99 3 uzT & 37 A7 Hael yafs3s e85 =r
weasgd fam3 dds BEt I &3 feui © yuar dizr #er J -
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%(Xn) =nx"", %(yn) = nyn’l.i(y)
@¥rgas 10.

Hs B8 7x3y? - 8x%y+4xy? -3y° =0

ST k()4 )

dx dx dx dx

nigg-fefamrs -

yddr €A’

7[X3.2yd—y+ 3x2y2} - 8[){2. dy + y.QX} + 4{X.2yd—y+ yz} - 3.3y2.d—y =0
dx d dx dx

X

[14X3y -8x? + 8xy — 9y2Jj—i = —21x2y2 +16xy — 4y2

L dy —21x2y2+16xy—4y2
dx 4x’y +8xy - 8x% - 9y?

YISs €861 ¥ nEdSd (Derivative of Parametric Function)

YoBs 86t <9 x W3 y 9d fan 3IHd 99 t 3 fosdgd dd€ Ia1 wat

y=1(t)
x=0(t
dy _dy  dx
T Tal @
Gegde 11. Hs 36

y=4t2-2t+7 M3 x-3¢3

.'.d—y:St—Q,d—X:9t2
dt dt

.'.d—y:8t—2/9t2
dx

yns B3t 2
1. Aad y=z3+7z" M3 =32
d
Y yzr wd
dx
5 3 . dz
2. Wad z=zw?+1],w=2x>+5, 3 o = dd|
dy f a3 2
3. x B ad 7 3x° +5xy+3y° =0
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j—z uzT 9d A€ ax? +2hxy + by? +2gx +2fy +c =0
2.5 HTITH

fem us &9 AUds eBsT € medsd fam3 995 € 3did Gwrgde wfgz ¥R 98 IsI
NIIABA M3 wedSs 9 eda <t <fimm famm I3
2.6 UHS
82 UHS

(i) NIASS qid df ufggmr TR

(ii) faA fdg 3 nmeasd 3 df 3= JI

(iii) ChainRule 3 ot I= 3 9

(iv) ydfsqd €8s 3 & g I 2
<3 yws
1. Jd5 ¥3 e3&T € weddd u3T ddl|

3x+1

. 2 _ .o —
() 2x%+3xy =7 () 321 %

2
(iii) % (iv) (5+3x)"° (x2+7)8
X —-X
2. Jo 83 ess @ wifg I ned®s U3t dd|

. 6x7 3
(O —1 (i) 3x%+4

7 UFS WA YRS
C.S. Aggarwal and R.C. Joshi : Mathematics for Students of Economics.
O.P. Bhardwaj and J.R. Sabharwal : Mathematics for Students of Economics.
S.C. Aggarwal and R.K. Rana : Basic Mathematics for Economists.

W=
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s & 1.3 Bfyar : 31 feus duzT

sifaafia m3 ANaAddatvs ewst w1 medss
(Differentiation of Logarithmic and Exponential Functions)
gu-duT (Structure)
3.0 gtar
3.1 H3<
3.2 FrdifaufHa €8st wr wedsd
3.3 MIHUSHS €85 © WEd&H

3.4 HIH
3.5 YHS

3.6 UIS Wdl YASAT
3.0 gfuar

fued® us g wHl AUgs €%6T € WMeEdSd g3 weddl o3t Wt m3 g wHl few
s &g nit Swifgufid M3 WMIAUdHS €86 @ meddd fam3 Jdidll @ faufia ezt
€ WEBad Yyuz dds I ufgst guifgufia € ufggmr w3 Bdifaun € fesut g3 weardt
der ¥ddt I wer Ji
sraifaay €t ufasmr

far ¥t e fap 83 98 wgg sEt seifgad, »ag <t €9 gast 3 fan o fost
Jet wftpr yuz gt 31 @ergge BEL -

102 =100

fen ®et Log,, 100 = 2

Add 42 =16 3F Log, 16 =2

feR 3¢ Aa9d a*=y, Log, y = x
sroifaay € feuu

Zrdifaud € 35 fouH 993 HJI3QUTs I61 ddd m M3 n € <w3fed Hitmrer d=
37
(1) Log, mn = Log, m + Log_ n (Product Formula)
(ii) Log, m® = n Log, m (Power Formula)
m
(iii) Log, P Log,m —Log,n (Quotient Formula)
3.1 H3T

fen us = Wy M3 Frdifaufid m3 WMIAUdHS €8&1 € weasd YUz Jdar J1 fegt
eB&T € nEBad Y3 dds &El fugd us €9 ¥R Standard fsud dt fer3w® di3 A Is|
26
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Hs B8 y=Log, x (i)

Add x € e @9 maufedt (Small increment) Ax d@ 3T y @ Wis @9 & Ay Ha3
fedt g23ait

LytAy=log (X+AX) .o (ii)

mftage (i) fed mitags () & weles 3

Ay =log, (x + Ax)—log, x

Ay = loga(XJrAXj

.......... (iii) ( log, % =log, m-log, nj

mHidgE (iii) & €IT UA Ax &8 IWI dd6 3

Ax  AX
&:Lzloga(ﬁmj
AX AX X X

( log, m" =nlog, m)

¥6 UR fefie 3, 999 Ax 0.

X 1 1/x
Ay _ 1 .. AX Yax | - lim(1+—j =e
22 22 im log, |14+ 22 [ |
AX X A;l’_l;lo Oga( + x j |: x—0 X

Ay

—llo e
Tdx x 8a

%(loga X)= %loga € iirrens (iv)
CorIddd a=e

3t Adlade (iv) 3

o d
Cor II#dd y =logu, 8 u, x e &85 J

(logx) :i [.loge =1]

LAy _dy du i
Tdx du'dx( ain rule)

d< y=log u
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dy d 1
RN | -1
i du( 0g, 1) L logae

.'.d—y:l.loga e.%

dx p dx

CorIII #dd y =logu, @ u="f(x) 3F
d—yzl.logae.gzl.d—u

dx p dx p dx

@ugaE 1. A99 y=log, z°
~y=2log, z

dy d d 1
s—2=—(21 =2—(1 =2-1
dz dz( 08, ) dz( 08, 2) z 8a ©

(- log.e=1)

@egde 2. Ad9 yzlog[m}

y = %log(x‘o’ —1)

d_y:lilog 3 _1)
dx 2dx
el 3

dy L _1

(x
d
dx 2'x3-1 dx(X _1)

e e iy

@urgde 3. Add yzlog(xz.emn)

oy =logx®+loge™ (..logmn=logm+logn)

=2logx +mnloge
=2logx+mn (-.loge=1)

Jdy _d
Tdx  dx

dy _2
dx x

(2logx)+ d%{(mn)

@egds 4. Z=10g[ bs—XS—X}

nigg-fefamrs -

yddr €A’
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=log [bs -x3 - x}l/z

= %log[b?’ -x° —X:| ( logm™ =nlog m)
Y8 UH wedss B 3

dz 1 1 d 3z _3
— = —(b°-x" -
dx 2 p¥-x®-x dX( x X)

1 —(3x2+1) 1 (3x2+1)

2l -xP-x 2 (bs—xs—x)

Qeade 5. Add y=log(logx)

Ldy _d
i log (logx)

dy 1 d
S=== —(1
dx logx dx( ng)

Ldy 1

”dx_x.logx
Quggs 6. Aag y=10g[(2x2—x+1)}1/2

y :1/210g[(2x2 —x+1)}

Ldy _ 1 1

. = x2—xi(2x2—x+1)
dx 2 2x°*-x+1 dx

dy 4x -1

dx (2x2—x+1)

Qergde 7. Hs B8 y=x’log;x wr.tox.

d d d
é =x° &(log3 x)+log, X.a(XQ)
d_y =

s 1
x“.—.log. e +1log, x.(2x
dx X &3 83 ( )

dy_ xlog; e +2x.logy x
dx
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o 3/7
Gegde 8. Ms BE z:log(x3—5x2+9)/

Put (X3 - 5% +9) =u

sz =logu®”

..z=3/7logu

23 1du 3 L (g0 0y
dpy 7 u'dx 7 x%-5x%2+9

dz 3 3x*-10x
dup 7 x®-5x%+9

yrs st 1
1. %f&&mwj—iwaﬁl

y_X2 2x -1

() x+1
1-x+x2

(b) y=log —
1+x+x

(c) y= log(x2 —5x2)

(d) y:log(\/ag—x2+x)

2. Add y= T 3 Bt owd fe (1—X2)d—y—y:O.

1+x dx
3.3 WIAudHs eBsT €T nmEdsd
fead €35 A © 8W (Base) AfGd (Constant) d@ W3 exponent (AF Power) ®' d&
3t QW g WanUdHME €8s wifimr wier 31 few €86 €9 Constant Base #f 3 a #f e

Jgdt 31 @ugde ¥ 39 3 ax,axe’—l,ex,eXQ nife WMIAISHMS T8st I&1 dJ= mHl

WIHUSHME eB6T @ Wedsd Yu3 Jdidl|
Case-IH&e 3G y=a............ (i) fm@ a fed Constant J1

X+AX

LY+Ay=at vt (ii)
milage (i) fev milage () weBz 3
Ay — ax+Ax —a%

TJT UH AX ™% 3Tl ddé 3
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Ax
Lt &Yoo aX{a 1}

Ax—0 AX  Ax—0 Ax

X [—
by _ a*loga { Lt 2 1_ loga}
dx X—a X

di(ax) =a*.loga.
X
Case Il g€ mdlage (i) €9 a=e 3d5 3
y=e¢

LAY _ = x
LT Joge=e (- loge=1)

Caselllddd y=a* fa8@ u, x .o (i) € €8s JI
By Chain rule

dy_dy du
dx du dx

ds y=a"

Case IV Put a = e in (ii)
Ly=e" T8 u, x € e85 JI

% :%(e“) e".loge B
C%((e“) = e“.%

dy 2x+3 d (2X+3)(
L—=—=7 Jdog7.— So— =aul .
dx °8 dx dx (an) =auloga

3{#“ﬂ=7%“kg72=27%”yg7

dx

n

=)
dx

wigg-fefamrs : uggr edr
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Qegde 10. e B8 y=gx

L4y _ ex C A ox\_x
..d—x—6 log6(..d—x(a )—a .logaj

@egge 1. Hs 36 y= Ix*-7

. dy  _
Put3x3—7:p 5y:eu o W _eﬂ
Ly _dy du
dx dup dx

Je  dx 3 dx (X3_7)2/3
do __ %
dx _( 3 _7)2/3
d 2

gEaaz 12. s BE | _ Ia’x

Put v4x? - x =

a i(e“) = e“.%

— e\/4x2—x X%
dx

i{eJ4XZXj = e\/4XQ*X x %(4){2 - x)_% .c:l—x(‘}x2 - X)

dx
i e\/4x2—x :e\/4x2—x X;.(SX—].)
dx 2 —
4x“-x
@egde 13. We B8 y=3e>" +logx+2
Ldy _d

- _&(363»( +logx+2)

wigg-fefamrs : uggr edr
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dy d /s« d d
S =3— —(1 —(2
dx dx(e )+dx(ogx)+dx( )
_3e¥ 3+ o063 41
X X

Q@egde 14. Hs BE y-x*
Y98 uW Bar 3T 3
logy =log x*
- logy =logx ( logm™ =nlog m)

Differentiate w.r. to x

C%{logy:%(xlogx)
é.:—izx%(logx)+logx.%{(x)
.'.l.d—y—logx+1
y dx
j’—i:y(logx+l)
dy =x*(logx +1)
dx
yns B3t 2
d
1. dad y=x3 3t d—z 3T IJ|
2. Js 88 €8s’ © »edsd u3T dd|
(i) y = 5% (i) y = 6Vx" 2%
x \ x2-x
(iii)y =e (iv)y =e'?
(V)y:3X2_2X

3.4 HATITH

nigg-fefamrs -

yddr €A’

fen us &9 wHl Brdifaufia w3 WIAUSHME €8st @ Weddd Yu3 dds € feut
g weadt di3t 31 wEareEar feunt @ mBarwmdar @ergaet i arehi g8 3ifa yms

I8 dds feg wmmst a2
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3.5 UHS
8 UHS

(i) Sraifaud <t ufggmr TR

(ii) HaAUdHE esst € Qergget fe@

< . dy

(iii) ¥ y=5* 37 o = ad|

(iv) #Add x*-3 i dy u3T ddl

y=¢ dx

(v) ﬁaay:a“ﬁﬁu,xwmﬂzf%?mﬂﬁm
<3 yws
1. Js fed emst € wedsd U3 dd|

(i) y=4>7 (i) y=a¥

 2iox ) :i

(iii) y=e (iv) ¥ "

. . . 3
2. (i) Differentiate 4e* + logx + 4 + - w.r.t. X.

(ii) If y = e’°ex, prove that dy_ 3x?

’ dx

i Aad R ]

3. (1) y=a dx
a9 X &y a3

(ii) y=(a+2x)" 3 dx IEY I

3.7 UEC IR T R EC Y

yddr €A’

1 S.C. Aggarwal and R.K. Rana : Basic Mathematics for Economists.
2. C.S. Aggarwal and R.C. Joshi : Mathematics for Students of Economics.
3 Balwant Kandoi : Mathematics for Business and Economics with

Applications.
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(W3a3Ha feuini)

s & 1.4 Bfyar : 31 feus duzT

ffqa e85 uw <du T <g w3 uwe T Ue WS
(Maxima and Minima of a Function)

gu-duT (Structure)
4.0 gtar
4.1 H3<
42 grdste’ (Concepts)

421 <Juer €85

422 UleET TBS

423 <ud M3 wed eB& BEl HAS

424 Qud IF Idde M3 U8 TS do<dH THBHT

425 fésedans fdg (Points of Inflexion)
43 fea @5 & Su I <Su dH3
4.4 feqd €35 & we I ue dH3

45 AT

4.6 yas

4.7 UIS WdT YASAT
4.0 ghuar

fern urs feg AT wiegsat & Aofe3r odt dhy aife3l @ €86 y=f(x) " €u 3 <u
w3 U I U WS deidil »dg AH3d feg o9 fead @3uea <t Ifgm d<t 31 ot <o 3
<4 ¥3 (maximum profits) Yyuz Je # W3 We I e (Minimum cost) d<1 feR 3qF
ad fea Qu3aht €t dfimm det 3 fa g Su I <u IHdae (Maximum utility) Yu3 ad|
4.1 H3e

fer us & uzs 3 gmie wHl Js fefum g9 weadt yuz qaid

* Jud M3 uwed €8s

* Bugd TB dode M3 B TH JGSdH TBS

* faR e85 w du I Su WS

* faR e85 @ e I e WS

* fesedans fig

faR eBs ¥ g 3 S W3 wWe I U U8 93 ves 3 ufgst Iz uderer
(Concepts) ¥7d wedrdt det wddl I

35
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4.2 grgsTeE’  (Concepts)

gE mt Jue, Weed €85, Qud @F dsde (W 48 IF daedH) w3 ¥8 B dsde
4.2.1 <UeT T35 (Increasing Function)

y=f(x) fead Tuer €8s IO Aad x € TUS FF y © WY & U Qugde & y
=3x+7,y=x+2x>+x+ 1, Udst €85 (S, =T (p)), QUIT €& [c =T (y)] »fe Jud eua
¥ @¥gde Il (A function y = f (x) is said to be an increasing function of x if as x
increases, y also increases.) €02 €&& d© €8& JIHAT dt HAG3HA (Positive) det I
Jud €8s € dide Jdot (fd3a) Tz famur 3

Y
Y =f (x)
yif - B
Y1 A
O X
faza 1

4.2.2 Uued €85 (Decreasing Function)
y=f{(x) & x € Ucer e85 faar #Aier I 7€ x € WG <0 3T y ¥ Uy ueer 3 m3
A9 x € NS Wl © y @ W& duer J1 (A function y = f (x) is said to be decreaisng

1
function, if as x increases y decreases.) ¥ = X_g-’}’ =20-4%, g1 ess foen €8s, 1= (1)]

wife wed %6 © Bvigde Js1 wWee TB6 & did'e ddi I&T wantdenm famr I

Y
P

31 I N I
O X.

faza 2



#te grar Jwr 37 wigg-fefamrs : uger A

4.2.3 <ud M3 Ued eB&T BEN HI3' (Conditions for Increasing and Decreasing

Functions)
fugd @ ust &9 wHl »ieasy ¥d weadt yuz dist wh wHl S HE A9 y =
2
f(x) feqd €8s I2 37 j—i,x € AUy ¢ &9 3udlEl € w9 ¢ foguzs qger 3 »3 STZX

@Wﬁ&j—i%ﬁﬁ@??ﬁ?jﬁ?@?mﬁl

8¢ : Ufg® neasd €8s g3 der d W3 T nEdSd €8s © ¥E "3 der JdI Add y
=f(x) fed €8s 3 37 J& &I HI3T wigHd fen § Juer #f weer #F Afgd €85 JIIidl

(i) ﬁaay=f(x),n@j—i>03+xémwmétrﬁwﬁl

(ii) ﬁaay=f(x),n@j—i<03+x€m@walﬁzﬁmﬁl

(iii) #ad y=f(x) =3 j—z=0 3t €85 Afdgd (Stationary) »ue@er Ji

feR 3q7 »HT €d wed®w ¥d Jfg Hae T fa

2
(i) Cl %>0 3 y=f(x) & =& Ju adt I
X

2
(i) # %<O 3 y=f(x) & =& we It Ji
X

4.2.4 Qug B d&de M3 B8 TH dsde EBET

Let y = f (x) be a function f (x), then the graph of f (x) is said to be concave upwards
(or convex down wards) at a point if in the neighbourhood of p, the curve lies above (or
below) the tangent at p on both the sides. In other words the graph of y = f (x) is concave
upwards if f (x) > 0 and f (x) > 0 and the graph of y = f (x) is concave downwards if f (x) > 0 and
f(x) <0.

Concave upwards
(Convex downwards)
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(@)
Concave Downwards (Convex upwards)
fd3a 4
4.2.5 fesedans fdg (Points of Inflexion)

ﬁsasﬁvﬁgA,ﬁaaaay=f(x)@fEm1ﬁgﬁ,ﬁaaj—z=O m@j—y

X
fen fdg 3 sign adt gEsern

M

N
—

L

fdza s
yns B3 1
1. Bugd T5 dsde M3 8 TB dode eB& d HI3T THI
2. Show that y = x2 — 4x is decreasing at x = -1, stationary at x = 2 and increasing at

x = 3.
4.3 fea €86 & du I du I3 (Maximum Value of a Function)

He 88 y=f(x) €q e85 3 fam = e fo39 ¢ &9 wandewr famr 3
1. ffgmi M, 3 M,, M, 3 M,, M, 3 E 3d Tad J&' 3 Qud < <uer J ndw3 fegst
fignt @ feudd 886 y =1 (x) <uer €86 JI 937 6 €9 M, M, €ad y =1 (x) & WIHDIH
fig g5 fa@fa fegi fdgnt I udos I ufas’ a9 Qua & Judt I w3 fegi fdgni 3
ydae 3 gmie J& @8 wigdt Ji
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fg3d 6
Aadit Ws BEl HE3T (Conditions for Maximum Value)
fed €88 y=f(x) € x=a ffg 3 AQHHT Ws Yyuz I35 BEt & a3 Hasi g

(i) 7igdl HI3 (Necessary Condition)
. dy
! = —_— = O
f'(x)=0 # ix

(ii) 9=t "Il (Sufficient Condition)

2
r(x)<0 ar S350

4.4 fea €8s © we I e o3 (Minimum Value of a Function)
1. fd39 ¢ 9 Tag y=f(x) g M, 3 M, 3a, M, I M, 3a »3 M,3 E 3a I

3 Qud I3 <uer I wigw3 fegst et @ fegdad 86 y=f (x) Tuer €85 JI
2. 939 6 €9 M, M, W3 M, Tdd y={(x) € fishiv Rig Ia
tHshin ws el wa3t

fea e85 y=f(x) @ HeWH WS f (x) at x = a Bt J& &3t Ha3t I8

(i) 7iddl HI3 (Necessary Condition)
. dy
! = —_— = O
f'(x)=0 Ix

(ii) 9t "Il (Sufficient Condition)

\ . d%y
f(X)<0 Hr @<0
fesedans fdg Bl Ha3t
7 f(x) m3 ' (x) €2 fHed dT 3" x = a ¥secBans fdg JI
d2y

. dy . .
ﬁf(X)=OT'|T &:O ”@ f(X)ZO Hr @ZO
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Gurgds 1. I &3 esaf v du I Ju w3 we I Ui WE B3I
(i) 3x2-12x + 7
(ii) x3-9x%>+24x+ 5

Id& - (i) y=3x2-12x+7
.'.d—y:6x—12
dx
d .
gz Y_0 3t 6x-12=0.x=2.
dx
2
d—32’:6>0
dx

x =288 © U I ue w fie I
V.. =3x2-12x+7=3(22-12(2)+7
=12-24+7=-5.

(ii) He BC y=x3-9x2+24x+5

Sy 3x% -18x +24
dx

gs d—y:O.'.3x2—18x+24:0.
= dx
3(X2—6x+8):0

3(x-2)(x-4)=0=>x=20rx=4

2
LY _ex-18
dx
d2y
ﬁaa X:2,d—2:6><2—18:—6
X
d2
EECH x=4,d—y=6x4—18=+6
X

~ox=2WaHHT u fig 3 w3 fen e e €88 W (2
f(2)=(2P-9((2)2+24((2)+5

=8-36+48+5=25d

x = 4 fHat w e 3 W3 fen e v e85 Ws f(4)
f(4)=4"-9%x4>+24x4=213

@egaT 2. €85 y-x’(x-1) ¥ Aarwi w3 fshi fig B3 W3 fegs’ ffgw 3 sos
T AQHINH H's B3|
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d%: de y=x3(x—1)2
.'.j—z:xs .2(){—1)+(x—1)2.3x2
=x2 (x-1) (2x+(x—1).3)

Y o x?(x-1)(5x-3)

g d—y:O.'.XQ(x—l)(Sx—C%):O

Either x> =0, or (x-1)(5x-3)=0

.'.X:O,l,E

S
d’y . d d (o
d?:X a(x—l)(SX—3)+(x—1)(5X—3)a(x )

=X2[(X—I)X5+(5X—3).l:|+(x—1)(5X—3)(2X)

dzy 2
—5 =X (10x-8)+(x-1)(5x-3)2x
dx
2
atx=03Y o
dx
d2
Atx=1,°2 =1x2+0x2x2=2>0
dx
2 2 3 5
Atx:é,d_{éj {mxé-sHé_lj--- +(s Xz —3)2x2
5 dx? \5 5 5 5 . 3
9 2 5
= — _ + | —=—= -—
25[(6 8)+ 5)(0))(3]
:ix—2=—E<0
25 25
3 o
X=z Aarii wr ffg 3 w3 ¥8 e85 e We

(-6



#te grar Jwr 42 wigg-fefamrs : uger A

_27 4 _ 108

125 25 3125
x=1fuast ur fdg 3 W3 fed 36 v W f(1)=13(1-12=0 JI
x = 0 fesedans g asi

JI

Gwrgdes 3. fiflg ad fa <= y=X+i?§¥U§€UWﬁHm@ﬁ?§ﬁZW§
ue JI

v N 1
I8 Hs 36 y=X+;

~ﬂ_1_i_x —1
Tdx x? x?2
d’y _ 2
dx? x°
dy x% -1

gz ——=0;——75—=0

- dx x2
=x2-1=0

(x+1)(x-1)=0
=>x=1-1
2
T x:l,d—Z:2>o
dx
x = 1 fusit = fdg 3

1
x=13 85 T WS f(l):HI:Q

2
e ox=-1,3Y-2 _ 50
dx® -1

x = —1 arhit = ffe 3 w3 few ffe 3 w8s w s f(—1):1+_i1=o e 3 fx
86 ¥ HanAht ur Wi, fishit @ we 3 we Ji

yns B3t 2
1. Js &3 €8st ur du 3 <u m3 uie I ue HE de|
(i) y=2x%-21x%>+36x + 10

(ii) x-3)° (x+1)2
(iii) y=x2+4x+3
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4.5

(iv) y:4x3’+10+E
X
v) y=(x—2)2(x—3)2
g a3 fd €86 y=x°-5x*+5x°- 10 & €0 3 <U H& (Maximum Value) Jd<ar
AC x=1mM3 e I W H® J3am A€ x=3 M3 A€ x=0 37 & feq v 20 3 2U
H® d2ar 3 & we I e Hs J<Sari
e85 y=x'-6x-8x- 1 ¥ fesedans fdg d€I
o ad fa y=40-6x+x?, ffg x=2 3 e fgor 3, x=3 3 Afdg F W3 x=5
3 <u faggr I
HATITH
fen us &9 mHl I3 H® udae (Basic Concepts) T Quer €8s, ueer €88,

d&de (Concave) M3 d&2dH (Convex) €8&f u7d wWedrdt &3t aret 31 Aariit w3 syt
yuz qds < fedt 93 & weadt @egget @ 3 I3t et I

4.6 UYns
8 UHS
(i) Jud M3 ufed €8s df ufggmr IR
(ii) €Bud ¥ dsde &8s I df Ie JI
(iii) fesedans fdg w3 weadt fe@
(iv) fHabiH We yuz 995 BEt faadmt € Hazt asi
(v) AIHHH WS yuz qds BEl faadt € wasi as|
3 Ups
Js 3 esst u du I du m3 e I e WS dR|
1. ()y=x2-4 (i) (x- 1)% (x + 3)°
2. g ad fa €86 f(x) =x3-27x + 108 < AGHINH Wi, THatii Hs 3 108 TreT fnrar
J1
3. TS X+ 2x2-4x +8 ¥ 24 T JU H® I U I U WS u3T adl
+ ffo a3 fases 2xto_ w % I fs fow @ e I e fe I e I
4.7 U5 WA YAIA

1. C.S. Aggarwal and R.C. Joshi : Mathematics for Students of Economics.
2. S.L. Aggarwal, S.L. Bhardwaj and Inder Kumar : Quantitative Methods
(Punjabi).

3. S.C. Aggarwal and R.K. Rana : Basic Mathematics for Economists.
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s & 1.5 Bfyar : 31 feus duzT

AOTdE wed@AT O Wag-HTH3d e =93
(Application of Simple Derivatives in Economics)
gu-duT (Structure)
5.0 gtar
5.1 H3<
5.2 »dg-AH3d &9 <a3

5.3 HIH

5.4 yHs

5.5 UIS Wdl YASAT
5.0 gfwar

us & 2 g wHT AUdE weasgdt g9 weddl yuz dist Hh A9 y = (x) feq
e85 d< 3 wHl weasd € Hee &8 fed ua €9 JEt 3ueist € wd § €nd ua €9 JEt
3a<iEt € v9 @ fam3 a9 Aae It 3uEidt € feg vd A W3 € ugsT a3 mine
Jadl I medsdat € urdsT wigg-HH3d €9 €t urgset (Concepts) fae Wiz Indiare,
HIHZ mHes, HHIZ B3, HiWiz @3ureasr wife yuz qds &9 vee daet 31 fen us &9
wHT wedsdT € ngg-AH3d Fg <93 ¥d fensad &8 weadl 2|
5.1 H3e

fen us =u Wy W3 weasd’ € Hee &8 Jds &S gasel yuzs qds I

* Har @ad & €% & (Slope of Demand Curve)

* Har € ®ua (Elasticity of Supply)

* ygdt <da & €8S (Slope of Supply Curve)

* HHIZ »HEs w3 A3 mHEs €t ags=i (Concepts of Marginal Revenue
and Average Revenue)

* d8 B3 M3 WH3 BWI3 dMi urdse’ (Concepts of Marginal Cost and

Average Cost)
44
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* d% BWI3 M3 WMHA3 VW3 Bud (Elasticity of Total Cost and Elasticity of

Average Cost)
* HaTl Bgd M3 MHEs Udsei (Elasticity of Demand and Concept of Revenue)
5.2 mdg-HH34d &9 <9I
521 Har <49 © w&s
Har @99 € v8s Uy g mel 3uetst aas Halt Hzar e met 3ueist €t wa

d
Uje‘fﬁlﬁaaq=f(p)3+¥hreaae1m—£ J<aft fa@fa Har eaa weer ess J1 fen

et (-ve) Tdg Bar fde gt

d
~.ﬁareaae’1em=—d—q
p

522 Har & Jea
wHT Har € B9 ¢ fen 3q7 ygr3 q9idl -
<Az <t Har f€o wgufsa 3a<ist
eHz ©f dinz €9 wisufza 3uetst

Had q=f(p) & Har €8s I @ q fan dlg < W3 w3 p GH & dH3 @ foguz dae 51
Har &t Boa wig dret 3 fa enzg & iz fe yIin3 3utel wile o8 enzg & Har e fam €a 3
Ytz 3adtst mr@et 31 var @ Bud & p, W e, &% TaATenT Wit 31

Har & s9a =

Aq
o . . eq= L 3
Har &t Sua #F p, A aP>0 Ap
p
-t Aa P
Ap—»0 Ap q
eg--da P
dp q

fa@fa oty t dvz w3 Guet w3ar €9 @3c Wdu 3 fem B, #dt faz (-ve)
fds Sar fda af

dq

d
&< - (i)WE?EFE:_%ZTHEﬁ)ﬁITETW --B =

q pq

(ii) War & ®ea, War @99 @ 99 ffg @ gax IR
€wgas 1. Aag Har v fsuH q=20-4p 3 3t Har € vy W3 Har € Bod d€ AT p
=3 JI

(v}

J: q=20-4p
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d d
d_q:_4’ Har @ ww == 4
p dp
d
eq=-2.%9_ 4, (~p=3)
q dp 20-4p
ed 12 _2:221.5

T20-4x3 8 2
Qurgds 2. I &3 Mar Taar & w® w3 Har Boa dvI

7

(i)X:_p (i) x=7-8p

1

2

I8 (i) x=—1=7p
Jp

il Sl L ,
dp dp 2p
. _ dx _ 7 3
Har <t v dp 2p
h o _Pdx_ -p [Z —3/2}__1
d — - 1 -

x dp — 12 2

7p 2

dx _ _
dp ’
. dx
Har &t v = T do
p
nd__B_d_X:X_7 1 4
x dp 8 X
x-7 7-x
nd— =
-X X

Qvrgae 3. #ad Har €85 q = 100 - 2p — 2p? f&3r famr 3 3 Har &t v W3 Har <t soa
d€ 7Y p = 10J2I

98 q=100-2p-2p?

d_q:_2_4p
dp



g8 grar 47 mag-fefamrs - ugeT wa

Har &t w8 = 2+4p
d
Har € sga -2
q dp
p
- _(2-4
100—2p—2p2( p)
_ p(2+4p)
" 100-2p-2p°
"¢ p=10
10(2+40) 420 7

47100-20-2.10> 120 2
5.2.3 uyd3l =dd € €IS
Add g = (p) Udst €86 I fan wgAd uadlt &t wzar w3 iz &9 fHur Ada I
dp
dgg

ydgst =99 © vy "

5.2.4 ya3dlt &t Bea
ygdt v fou eng € diHz W3 yadt & fHur Wdu drer 31 yast ©f Bga A
oael 3 fa @ngz & d3 feg ufgeazs wle o8 enz € udst few fam wd 3 3=<lsE!
@<t Ji
. eAz <t uadt feg wigufza 3a<ist
wﬁml'e'm:%’gﬁm%_ﬁ P

_das p _p dg,
dp q; q, dp
@egde 4. 74499 q =10+ 5p? feqa yadt e8s &3 famr & 3 n_ farrz a3 w8 p=2 w3

qa Ts

p=3.
J%  wHt wee It fa q =10 + 5p?
dg _d
R 10+5 10
ap " qp(10+5p7)=10p
2
nS:E.B:IOp. P > = 10p 5
dp q 10+5p° 10+5p

) 10 x 22 40 _4
ar iyddd p=2, 3t =———=—=—=1.33
(i) P Ns 10+5x2% 30 3

(i) 799 p =3, 3



48 wigg-fefamrs : uger A

g8 3ar 3
ns=—1OX222:ﬂ=i=1.33,nsz—10X322:@=§:11=1.63
10+5x%2 30 3 10+5x%x3 55 11 11
5.2.5 HIHIZ wHEs W3 WH3 wHTs Tt ggsef
HIHI3 »™es (Marginal Revenue), A3 € @3ues #f feadt &g wrel 3a<lsl ags
g% MHES (Total Revenue) f€o wrel 3u<dtst & wa i
d d

- iz wmies (MR)=£(TR)=£(QP)

MR:pd_quq@
dg dq
WH3 WHES (Average Revenue) d8& WHEs € Q3ues #f 29t et wzar o

weu3 Jdet Ji
d8 MHEs (TR) =qx p = H3d" x diH3 yIt fearet

IB MHES (TR) Pq
= =Pp.

;. WH3 MMEs (AR) = g
HT3ar
@urgds 5. Add 948 MHES R = 14x — x2 d< 37 WA3 »HEs M3 HIHIZ »HEs u3T ddl

JE 98 MHEs R = 14x — x2
I8 MHES 2
_ :14x X" _14_x
H™3dT X

P — :d(R):d(14x—X2):14_2X
dx dx
5.2.6 HHIZ BRI M3 WH3I BWI3 Thf ugset
TH3 © B3ues 3 W yggr wi@er 3 Qg GW <€ B mue@d 31 st ¥ fand
i g6, 3T d8% B3, HHZ B3 w3 WA3 BWS|
98 a3 (TC) _TC

»‘I‘H?W(AC)=§ Eraer— q

d(TC
HHiZ B (MC)=—(d )
q
HHZ 393 48 BWE €9 @3uws Jrds »el 3udist & afde asi
Q@¥gde 6. 790 dB BURB €86 TC =5+ 6x + 3x> JI

2

—— _ Wf‘m _S5+6x+3x
X

.'.AC=§+6+3X.
X



gt.8. grar 3ar
. d
Wiz e (MC)=—(TC)
dx
=i(5+6x+3x2)
dx
=6+ 6X.
@vrgde 7. A9d d® JAEB %5 TC = x%2 - 6x + 30 I<
EY (i) MH3 BAM3 U3T dd

(ii) A3 BN ¥ T d€
(iii)  Verify that AC = MC at minimum point of AC curve.

(i) AC:T_C
X
2_
AC:X 6X+30:x—6+£
X X

(i) TC=x*>-6x+30

d(x%-6x+30
o d(re) _d(x* ~6x+30)
dx dx

=2x-6
Slope of AC curve = l(MC —-AC)
x

:l(zx—a_xm_@j
X X

1 ( 30)
=— X—-——
X b
For AC function to be minimum, Slope of AC curve = 0

(iii)

Slope = l(x —ﬂj =0

X X
=X —£ =0
X
. 30
A X="—
X
AT %2 =30 x=-./30 (Output cannot be —ive)
LAC=x-6+ &

49 ngg-fefamrs -

yddr €A’



g8 grar S0 mag-fefamrs - ugeT wa

_—

5.2.7

N 30
x=+/30,AC={3) -6+
V30
AC=2J30-6
MC =2x -6

x =+/30, MC =2v30 - 6.

.. AC = MC at minimum point of AC curve.
ygs B3t 3. 1
Prove that for demand curve pq™® = b, where a, b are constants, n, = -a.
I8 BWI3 €85 C =.005x% - .02x* — 30x + 3000 JI
(i) I8 B3 TH A< x=4
(ii) »A3 B9 TH A< x =10
(iii) W3 B ¥ A x=3
The demand for a certain product is represented by the equation p = 100 — 5q
(1) Find the marginal revenue for any output
(ii) What is MR when q = 0 and q = 4.
Har 89d M3 WHEs Uds<t (Elasticity of Demand and Concept of Revenue)
MHES T ggeel WMA3 WMHES W3 HIHIE mHEs, Har € Bud &8 HEU3 Aol
98 WHES = QA3 x € H3dT =p. g

d (@ ) d
. HIHI3 m™Hes (MR) = = (pa)
dq dq
. dp .
MR=p+q£ (1)
. : p dq
Har &t Bga e Mg =——-——.
47 q'dp
1 __adp
na P dq
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MR _, 1
AR ™
1 _,_MR_AR-MR
e AR AR
AR
M TARCMR

i F MR>0, 3t n,>1
(i) & MR=0, 3t n =1

(iii)y & MR<O, 3 ny<1

Har Bgd m3 mMHEs Ugsel € Heau § Jdof &3 fu39 9t < wawfemr ar Haer

JI
Y
AR
MR
Ng > 1
Ng =1
Ng <1
AR or Demand Curve
O MR =0 MR = -ve
MR
50-x

Q_ms.f‘e—or@wﬁwa‘tﬁfmﬁwP=5 31
(i) HHIZ mHEs d€l
(ii) W3 mHes df ISt A8 x=0 M3 x =25

50-x
5

Jds: &3t et Har qur P= JI
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. (50—){] 50x — x>
d% mMHEs R=px= 5 |XT 5

2
e (MR)_dR:i(SOx—X ]:1 d

a5 T sao )

MR:l(SO—Qx):IO—EX
S 5

g x=0

MR =10

g x =25

MR=10-2/5x25=0.

@¥gde 9. Given the demand function : p = 50 — 3q, show that E = tp=5.

——a
AR - MR
J% g p=50-3q

Add p =05,
5=50-3q ..3q=45d" q=15

~E=[-2 [Lj(éj(ljl ........ (0)

q/\-3 15)L 3) 9
(1) dg& TR =50q-3q?

.. TR = 50q - 3g?
d(TR

.'.MRzM:i(SOq—SpQ):50—6q
dq dq

MR =50 - 6q

Add q=15p=5

~MR=50-6x15=-40

AR = Price = 5

AR 5 5

"AR-MR 5-(-40) 45
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i) @3 () I

gE-_ AR
AR - MR
ygs B3t 3. 2
1. 99 AR = 400 - 2x - 3x2, I BT 93 N=—2 _ a¥ x-5 I2
’ AR - MR
2 W p-100-5q 3 ¥ f1 n=—"% _atp=20
: p = 100-5q T=AR-MR P74

5.3 HTITH

fer us o9 AUdE weasdt <t wag-wH3a @9 =a3 ¥rd weEardt o3t aret 31 War
<dd € ¥®s M3 Bud, yd3l <dd € w8 »3 Bd, HIHIZ wHEs, HIHIZ Wkt wife §
Y3 995 99 "Weddl Qergde € wee @ et aret 3

5.4 UHS
8¢ UHs
(i) Har €a9 € ¥8 3 df 3 J 2

(i) ydt &t Bga g Qugae € I €W 2
(iii) #HI wHEs, HIHE »Hes w3 n, fe9 ot Ada 3 2
(iv) n,u3T dd "dd q=25-4p —p?atp=>5.

50 - o . . o
(v) Add P= Sxmwmﬁé?ﬁwmaﬁl
3 yps
(1) Find the elasticity of demand and MR at q = 2 if the demand function is :
q=30-5p-p%
(ii) Given the demand curve p = 400 — 2q - 3q?, demonstrate the relationship

between marginal revenue and elasticity of demand i.e. MR = (1 — 1/E).

1
(iii)  The total cost function of a firm is given by TC :§X3 - 7x% +110x +50.

Find out fixed cost, variable cost, average total cost and marginal cost.
5.5 UIFs uWdal YHSI

1. S.C. Aggarwal and R.K. Rana : Basic Mathematics for Economists.

2. Aggarwal and Joshi : Mathematics for Students of Economics.

3. Bhardwaj and Sabharwal : Mathematics for Students of Economics.

4. Balwant Kandoi : Mathematics for Business and Economics with

Applications.
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(H'393HA ﬁu‘t;rﬁ)

us &: 1.6 Bfyar : 37. feusT guzT
Hefara
(Matrices)
gu JuT (Structure)
6.0  ZfHa
6.1 H3<
6.2  Hefgam <t ylsgmar
6.3 Hefgar & z9muA
6.3.1 HefgaR zIAUR Tt feRrmsT=
6.4  HefaAm & AH®3T
6.5 Hefamm &bt faadi
6.6 Hefora & AA®T enaT I 9o
6.7  Heform &t Sy o fonret
6.7.1 Hefamm = #F
6.7.2 Hefomm & we@
6.7.3 Heforam © wuyr f&g T
6.8 A9TH
6.9 YHS
6.10 UIaWdr YA
6.0  ZfHar

w9 AA39 fe9 gz fowe 3 fowe afss, @7 afs3 (Matrix Algebra) ="

famrs d=7 meaft gz famr 31 Refgem © fams Jd&7 =t g= famr 31 Aefoan <t
AOTEsT 5% AHAEle AHigds § % dda 93 wAs Jd fomr J1 wAw e Hefoar 3
e nigt &€ fea nfesag 393tg T

Jal

Hoe %€ A3 um ¢ fex w3t Afiags I

3x + 4y - 5z = 3

6x - 7y + 2z = 0

@5' AHla9s’ € T J5 st 3939 nwigA< fed & Aae T8

3 4 -5
A=
{6 =7 2 }

Budaz ‘A’ Hefgam @t J1I fem &t € a3< (rows) M3 f35 &BH (Column)

54
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fer us fég wrAt Hefsarm & wifmis It
6.1 H3=
fer us & Wy H3e Aefoam €@ yilsmr, famwi, S0 Sy fgnret wife o9 Fadt
YUz IIa" J|
6.2  Hzfaan € yismr
“A matrix is an arrangement of mxn numbers consisting of m rows and

n columns. The matrix is called matrix of order mxn (read as ‘m’ by n’).

Hefgan 3t nigt @ faR Ae § wrfesag 393ty few fouz § o foor #fer 91 A

g9 mxn WH § wifezaa 393ty G f8fumr A< 3F wift @7 § mxn Hefeam Faidl
fae fa

a1 ain A1z e an

a1 ajry A3 eeeeenen. Aoy

_aml Am2 A3 e amn_mxn

Budaz Hefgar A &ff m daIrf (rows) ™3 n &BH (column) I8, fer &g
fer Hefgam & gH mxn JI €8 m M3 n IH & ve3fHa yIs »id@ (positive

integer) TG aj;, ajg, ayg..--. nife Aefoan ‘A’ €@ »im g5 faR & a3 »3 B
€ »iR § I feu nigAg ufger 7 AeEr JI
A=aij,lii§m, 1 <j<n
Geggs =
789 300
A=|2 3 4 B=[0 2 0
9 0 2], 00 5],
12
C=|3 4
D =1[01
5 6 [ ]1><2

Hefgan € feads niA (Diagonal Elements)
fer =t Hefgam = »im feags »im wue@e T #a9 i=j I° »{ES WH a,
B5p, 83g..eeeeeen. nife feags »im Ia&

Adg Hefgam A = (as) fed mxn gH © Hefgan J° 37 Hefgam B = (by) IGL
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@anxmﬁ%,ﬁzf%aﬂA@WHfaw#@ﬁlA@aij G, i)thni’HB@bij@
ToEd  J_Ar
A33 gu '9 B=A' fA8 A, A & ZIRUA JI g4 Hue &9 fan & Hefoam «
Zogrud @A Hefoar &t a3t § I8 &% €8 & Y3 di3T 7 Ager I
Beggz ¢ 39 3

(e} E}

fdag A{

3
3410} Azl
1
1378

2x4 0

0 N W

4x2

6.3.1 Hefaan zamua It feRmz<i
Hefoan z9muna &t Hy feRrms=i J5 »isAT T6 .
(i) (A) = A nIus fan Hefgam A € z9muw @ feg zomia €7t Hefgam A ot

Jgeatt
(i) (A+B) = A" + B'

nIE3 € Hefgar & 2ImuA B € Z9AUd € #F € s9Ee e JI
(iii) (AB)' = B'A'

nIE3 € HefgaR € g & 29RUA Bt € 29TAUA € JF € 9§99 Jer J
6.4 HefoAm & ANS3T (Equality of Matrices)

Hefora A =(aj) .»€ B = (by) myR &9 ANS d¢ U6 Aa9 Jo fedni € mast
ydt et Jz

(i) €6 HefgAd € gH noEs 39T mM3 asH & fasst g9rgg d=|
(i) ©& Heform © 3€ AE WA fed EH € 89 IT I< ay = by
for all i = 1, 2 ........... nmM3j=1, 2, ..o..... m

GuggE =

A{l 2 3} . B_[l 2 3}
45 6], , 45 6], ,

6.5 nefora & famHi (Types of Matrices)

a39 Hefdan (Row Matrix)

far Aefoan & a=s fea It asw J9° ug awH © fea ferafes fasst 9° 3t €A
a39 Hefgar faor #fer Ji

Berges @A

A= (1783 0),s

(=Y
.

(e E}

2. a®%H HefdaA (Column Matrix)
fAr Hefoar @ ae® fead It a®H d° ud a3x9 @t fea femfez fa=3t d=° 3 €W
& g Hefgar faar Afer T
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0
B:
5
7 4x1
3. ¥9d1 HefgaA (Square Matrix)

fAr Aefear € a®Ht w3 a3wt & fosst s9ee J° 3t 8A § <9a Hefgan faor
AT J1
Guggz =H

7 -3
A{z 1} feg feg 2x2 @ TIdT Aefdam T
2x2

4. nife3ad HefdaA (Rectangular Matrix)
et & Hefgan # =9q1 Hefoan adt det, 8r § nrfesag Hefgan faar Afer J
Bugez =

[1 0 —5}

A =

2 -1 42

5. feggs Hefgan (Diagonal Matrix)

feags Hefgan fea =gar Hefgar devr d fAm &9 Hy feags wim 3 fast ==&t =
A3 vir fAeg d° I&l
2 0 0
0 -1 0

by; 0 0
B= 0 b22 0 N A=
0 0 3

0 0 b

B = diag (b;;, byy bzs) A = diag (2, -1, 3)
6. AA®%d HefdaA (Scalar Matrix)

fea feads Hefgan fAR @ AQ feads wiH 9999 JF, AA®BI Hefdam wyeQer
J1 Beges =

A = (a-j) o a

|

O for i # j
=k for i = j

ij

S O
(= =]
N O O

] fead AA®%I Hefdam JI
3x3
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7. fearel HefgaA (Unit Matrix)
fea Aawg Hefean, fare A feags »in feaet A fea € g9 d= Gré feardt
Hefgar fagr A JI

O for i # j
=k for i = j

p o
]

i\

1 00
A{O ! Ol fex feast fefoam 31
00 l3X3

g

#i H6HY HZfIAA (Zero or Null Matrix)
frr & Hzfoan @ A3 & »im fAes @ s9rg9 Jd= 3t 8y fAew A Hempy Hefgaw
mye8T J1 A fa

0
A0
0 3x3

9. AH-HUl HefgaA (Symmetric Matrix)
ﬁmﬁﬁmﬁzﬁaﬂAﬁ—é’im@jwmaﬁm@w(aij=-aji) dge 3t
Hefgan A AI=AHf3w Hefdam nye@e J1 Bvwds <A

123
A:[X Y} B=[2 4 5
Y Xl 3.5 6);,

10. AJSAHI3W HefdaA (Skew-Symmetric Matrix)
ﬁmﬁﬁmﬁa&aﬂAﬁ%’i»@jwmmwmijaa
Hefdarm A AISAH3W Hefdar wue@er J1 Buges =

1 -2 -3
A{O 7} B[z 0 4]
T O 3403,
11. Buuwr f3daT Hefdan (Upper Triangular Matrix)
feg gar Hefgarm A = (aj;) & Qugw f3der Hefgan faor Afler T A&@ a; = O

i\

oS o O
oS o O

ij)

for i>j
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Geggz =’
_311 A2 A13 ceeeeenens aln_
1 4 1 0 dry  A23  .eeeeeenns Aoy
B=(0 3 2 0 0 A33  eeeenenes a3,
0 0 2| [ e e
00 0 0 ap]

nIe3 Buds 333 Hefgan € Hy feads 3 I58 wiR fAeg © I9=9 JF)
12. J6% f3dar HefdaA (Lower Triangular Matrix)

fea Tgar Hefaam A = (aij)éﬁwﬁﬁwﬁzﬁaﬂm#?ﬁﬂdd Hy feags
?@mn?mfﬂeaﬁsmsAij = 0 for i < j

Brggs =

-2 4 3 00
3 1 "3 -5 1 0
0 5 4 5 -1

J5% 336 Hefgam & Buges I&l
13. 8u HefgaA (Sub Matrix)
for & Hefaan & g5 I3@ M3 A I ITBH § IT & A 88 & A HefgaH

(Tt €@ wiEt 3) yuyz Jehit 3, 8r § Gu Hefgam faor aAfer Ji
Beggs =

L[z 3
RS s =6 7

(=

2 -4 2 3
3T A1=L 7}, Az{s _6} B8y Hefgam gs1 A, Aefean &g A Hefgam @

g I®&H mM3 A, Hefgam fég A Azfosm @ I a®H &8 a° T6)
6.6 Heford § AABI Twd g

Ho ®8 A = (a) fe& mxn g & Aefoagn T w3 k fea AaA®T I k M3 A §
J5 fey 391@ wiegAS JE &13T AT AaE I

kA = k(a;)

PIES k § HefGaA A € TIF WiH &8 IS 13T A=ar|

GTgdz =
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6.7 Hefora & @y 9 f@uret (Operations of Matrics)

Hefora @t vy 35 fgnret wges 73, we® w3 gt g9 Jat &ffnr fanrr J)
6.7.1 HefaAa & A3 (Addition of Matrics)

€ (At € 3 <) Hefor § 3t Afewr 7 Age" J Aa9 €1 € HY A WE9 F9E

I3
Hs & A = (2 m3 B = (bij)éﬁzﬁmmémﬁWQE?MB
fea &<t Hefeam C = (A+B) T899 € w9 € It fAR f&9 oy = a; + by
GuggE =
ar aqg a3 e ain
ﬁ_aa_ A= a1 ajny ar3 ... adrp
Aml Am2 Am3 e Amn mxn
bll b12 b13 ..... bln
m@ B: b21 b22 b23 ..... bzn
byl bmy bmz e B )
a11+b11 a;n +b12 a3 +b13 ..... aln+b1n
3T C=A+B= 3.21+b21 322+b22 a23+b23 ..... a2n+b2n
am1+bm1 Am +bm2 am3 +bm3 ..... amn+bmn mxn
Hefara Az Tt g3 fermz=t
(i) Hefgra € #3 gE®<’ (Commulative) T J1 »IES A+B = B+A

(ii) Hefgra € #3 HGAK (Associative) g€ J1 »IE3 #Aad 35 Heform A, B 3
C d= 3t
A+ (B+C =(A+B +C=A+B+C

SCARETS
1 2 3 2 -1 0
g A=[01 T w3y B=[4 5 1
2 4 -1 301 7
3x3 x3
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142 2-1 340 31 3
A+B={0-4 1+5 —7+1 =l-4 6 -6
2+3 441 -1+7 %3 5 5 6_3X3
2+1 —-142 0+3 3 1 3]
gt B+A=|—4+0 5+1 1-7) =|-4 6 -6
342 144 T-1], . |5 5 6,
A+B = B+A

6.7.2 HefaAa v we@ (Subtraction of Matrics)

€ Hefora A = (a3) m3 B = (bij)@rﬁs'azﬁaﬁu?ﬂaﬁ?wmﬁﬁaaéﬁ‘
Hefara € wiag 989 d<, Ie &6 @ gH fea fagr J=|

Adg A=(aj)mxn> B=(

3t C=A-B = (c
Gergaz

X X
Z Y2 Y Yl

X— —X
A_B{ y y }
z=y 0 |,

Gurgaz

1 4
fAag X=L J,

bij)an

ij)an

R E I P

4x+5y—3zll3"’6('€’|



#.8. grar St 62 niIg fefamrs : uger g
4 16| |10 25| |9 9
g 4x *+ 5y - 32 = |16 4]"[25 10)7[3 0

14 417 [9 9] [5 32

={41 14}[3 0}:{38 14}

6.7.3 Hefara = wynR 9 as
g (At € 3 du) Heform & wur e gz 3t ot i3 7 Aaer I Aa9 89 »wuR
fég gt I AgE € Wd1 (Comformable) J=I »EE=s ufgd Hefoan € awut & fa=st ed
Hefaan &t g3t & fasst € w99 J=t &=t J1 wifFor & Jz & Afest e €%

@<t Hefora § wur @9 g adt i3 A Ao

ﬁaa- (ai')mxH »@ (bjk)nxk
i=1,2,.cc0u... m, j=1,2,......cel. n
j= 1,2, n, k=1,2,............. k

3t Hefora A w3 B & »uR '8 I 94 fex &=t Hefgam ¢ = AB yuz ¢
Aear fAR € g4 mxn d<ar
Berggz

7
340 _
GEC) A=(5 6 J w3 B=|8
2x3 -9 3x1

feg A,2x3 gH & Hefgar § M3 B, 3x1 gH € Hefegar I fer s AB uzT
3T 7 AdE’ d A BA U3T BJT S3T A AAET T

s 3x7+4x8+0x-9] [21+32+0] [53
5x7+6x8+1x-9 | [35+48-9| |74

ffo & AB = BA

(1><2)+(—2><4)+(3><2) (1><3)+(—2><5)+(3><1)
AB:{(_4X2)+(zx4)+(5xz) (_4x3)+(zxs)+(5X1)L2
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(2x1)+(3x-4) (2x-2)+(3%x2) (2x3)+(3%5)
BA =|(4x1)+(5x—4) (4x-2)+(5x2) (4x3)+(5x5)
(2xD)+(1x—4) (2x-2)+(1x2) (2x3)+(1x5)

[—10 2 21
BA=|-16 2 37
3x3

2 2 1

.. AB#BA

Hefara as dmf I3 feREs=

1.

2.
3.

Geragz

HefgAm & IS IHA commutative &dI der d, fem 3° @ J§ AB=BA #
AB#BA

#&9 (AB)C=A(BC) d? 3t Hund feWH (Associative Law) & der JI

fesss feuH (Distributive Law) 35 fenit o83t 3 ®q Jer T

(a) A (B+C) = AB + AC

) (B+C) A = BA + CA

A (U2) 5 (28] o[t ?
Axg A=, 3) B3 qf 514 g

[

fAg a9 (i) A(BC) = (AB)C
(ii) (ABC)' = C'B'A’

(2 5)(4 3) (28 11)

BC= =

3 114 1 16 10

ABC_122811_60 31 .
(BC) = 5 3llie 1017 loa s2] e (i)

oo 3G T
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(AB)C = 8 7)\(4 3 oo 60 31 B
13 1314 1) {104 s52) e

. (i) »3 (i) ¥ A(BC) = (AB)C

- UgA1=12B1=23C1=44
(i) 9 2 3f 5 1) 31
CIBI_44 2 3) (28 16
13 1)i5 1) L1110

CIBIA! = 28 16)1 2) (60 104
11 10la 317131 5o ) e

8 7
AB=
13 13
&8 7\(4 3 60 31
ABC = =
13 13)14 1 104 52

60 104)

(ABO)! = (31 52

(iii) »3 (iv) 3° (ABC)! = clBlal
6.8 AYH

fer us few Wit Refoam @ g, Pefgan @ zomiln w3 du fam
azardt fest 91 Hefoam &@mt vy 35 fgnret wiges #73, we@ w3 g I3 Gergast

AOTfEsT &% deaet fest ot Ji
6.9 YHS
Hefgam 3 &t 3= I?

2. FM-mA fefean @ Gegae @ & fewrfmr G 7

niIg fefamrs : uger g

IS
&t

3. Bugw f3da™ Hefdam w3 Ja% f3dar Hefgam feg TIa TR?

0 a b

4. ﬁaaA{aO ClafAmnme%ﬁzf‘aanﬁ?

-b —¢c O
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4 1
5. igo A=|71 0O 3t 5A T H® <RI
25
<3 yAs
121 10 -4 -1
1. A=13 4 2 3z B=1-11 5 61 mip g3 fg AB=BA
1 3 2 9 -5 1
3 3 4]
2 ﬁaaA=01 »@B=21 fAog a9 fa (AB)! = BlAl
21
3 asg A= 71 2| fyg =8 A3-242-9A-0
1201

ug A2-2A-91 = 10

W (23 (3
4. AxT A=, 5B, s

U3t &9 (i) Al+Bl
(ii) (A+B)!
(iii) AlB!

a2 () (7 2
3. AEg A=\ 3 4 bBE, 5 CF,

fAg ag fa (i) A(B-C) = AB-AC
(i) A(BC) = (AB)C
6.10 UIcWd YA

1. Bhardwaj and Sabharwal : Mathematics of Students of Economics
2. Aggarwal and Joshi :  Mathematics for Students of Economics
3. S.C. Srivastava & :  Quantitative Techniques

Smt. S. Srivastava
4. S.C. Aggarwal & :  Basic Mathematics for Economists

R.K. Rana
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(H'39I3HA faﬂ;rf)
us s: 1.7 3fyar : 37. feuw Juzr

Hefara @ nisafde »3 feuds

(Adjoint and Inverse of Matrix)

gu JuT (Structure)

7.0  ZfHa

7.1 H3<

7.2 Hefaar © fegufax
7.3 fegofoa & =

7.4  Hefgar T nwsafee
7.5  Hefgam = feudls
7.6 Hefaan feudis = gz
7.7  AYH

7.8  YHS

7.9  UIsWd YASA

7.0  gfHar

fug® us S8 wAT Hefoam © W3®Y fer & Wy faant w3 foet a9 Fearat
yuz it A fer us @ ot Aefoar & feudls uzt aofar fAR &t Hefgar =
sAfee w3 Hefdar € foouoa 9 Aexd yus a9a #gdt J1 fem us &g wft
fegt a9 fersfes mEadt yus a9idl
7.1 H3=

fer us € Hy H3e J5 f&3 wigA9g Ts

Hefear © faguga uz™ &I

feguga € gt 9 AExdl Yyus a9aT|

Hefgar & wisafge 3 &t 3= JI

Aefoar e feuds yus a9al
7.2 Hefoan © fsgufad (Determinant of a Matrix)

fesgufea 3 3@ By AABT wigd J 7 far & T9ar Hefgam 3 yuzs Jer J »IEs
far < Tga Hefaam & afgem Jer JI

“A determinant is a number associated to a square matrix.”

dad A fex Hefoar d° 3t fere fegufow § Iz fea fig It fefiwr mfer 3 ¢

det A A |A]|

nIE3 AZfoar § € fAdi-uzdmi Ju=t feg fsfunr mer J)

66
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&2 . faguga de® T9d Hefgan & &t yuz &3 A7 Ader JI
fea gu Hefgan = fsgufaa

A9 A = [a;1];x; € 1x1 FH & HfgaR I3 37 det A A |A| = |a ;| =a;;
2x2 gH © Hefagan & fegufaa

Y5 58 d39 A=[a“ a”} feg ox2 g @ Pefasm 32 3t fem 2 fagmfoa
2x2

a1 ax

det A/|A| FAI3 gt fefumr Afer J)
2x2 Hefagar ¢ fegufga & femgg &t feut Ia' €Ht A" It T

(o7 I

app ap

o= Al = ax; an

3t |A| & H® IR ajja,, - ajag
fer @ J5 fea uzmr Ta:
TEL |
fosufes @ »imt § Jo fsu 39 nerw f&d

A A
usm 2

7 39 a8 <5 § »Be J 837 € »iE € gTees &% + (AYH) @, w3 7 9
Qus ¥5 § e J, BA € »iE § TToew 5% - (Hed) T fems & ®GI fem 39 A3

uH feg wig yus I "R IR a;ja,, - ajpay, A (& fegufas WE dRam Geggs

=F

-4 2
Aag A=L _J Al - <

3 -1

|A] = (-4)(-1) -(3)(2) = 4 - 6 = -2
M gH @ Hefgan € fegufoa © feraw :
dag Hefgan 3x3 g & d° 3t fen € fogufaox & femgw gAd gH € fegufex
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e femge €t 397 Tt &3 &7 AaEr T

ajp 412 413

A=]|a a a
a9 21 @2 a3
431 43y 433

app a2 43
gt A=y axn  ax
a3; 43 4asz3
|A| T ferEw J96 Bt wAT far & Yast 7 a®H & Aofes 8 Aae If IF
nAt ufgdt dast &t Aofest &% fem o fepgg age di

a1 az3 dr; a4

431 a3

a3 a3
—ap
a3y 433

|Al=ayy +apz

431 asz3

= ajj(agpags - agzagy) - ajp(agiags - agzagy) * ajp(agjazy - agyaz;)

GTgds =

1 -1 1
Al=-1 1 -1

-1 -1 1

1 -1 -1 -1 -1 1
Al=1 —(-1 +(-1
||‘_11()_11()_1_1
[A| = (1-1) + 1(-1-1) - (1+1)

=0-2-2-=-4

fAgr 3dtar At A9A f939 (Direct Method/Sarrus Diagram)
StH gH & Hefgan @ fagufox © fersw fea d9 feut & @t di37 7 FAaer d

fam & fAgr 3dar & A9AR 939 faor AT Ji

[(fez )

ajp 412 413

g A=|22a axn an
31 33 a3
aZl a‘22 a23 a21 a22
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3dtar : Buy AR FT - (weB) € Ts w3 BY whT A + (AYH) € T
feg faon »mH 33 3 fS5 @ g =B fegufox 3 ®qg der JI
Bugez =

7.3

1.

mﬁﬁmﬁa@Hagaémeﬁ?m|A|

2.

=y
DX

=0-4+0+32-5+0=23

Hr
5 -1 4
-2 1 0 1 0 -2
0 -2 1=5 +1 +4
1 0o |4 0 4 1
4 10

= 4(0-1) + 1(0-4) + (0+8)
= 5 4 + 32 = 23

niIg fefamrs : uger g

fsgufaa @ IT (Properties of Determinants)
fogufoa € 95 I 95 fAgt & Jot & AT J)
far & fogufoa e yastt 3 a@Ht § »ur ’v sese (fogufox & zamAUA)

GTgdz =
4 3

|A] = |5 5| =4x2-3x5=8-15
4 3

|Al =] 5| =4x2-5x3=8-15

A far fogufaa @i € Jaztet

=|A'

-7

(7 € a®BH) WUA 'Y FESM (interchanged)

Adt g5 3t @ fogufax & Afomm3Ha dH3 3 JE wiAT &dt OT ug €R T dfsf3x
fsrs w99 se® A JI
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a; ap as
b; by bs

€p € €3

b; by bs

a; ap asg

€p € €3

Geggz =
9 8 8 9
37 17 3

3. Aag far Hefoan & far fea dast (7F a®H) § faR AA®T (Scalar) K J& &3
A< 3 fagufaa & K &® g J A<arl

Geggz =
7\.31 7\32 }\.33 31 32 33
bl b2 b3 =}\.b1 b2 b3
€1 €2 €3 €1 ¢ €3

2 1 2 3
A=]2 3 3=22 3
4 5 4 6

4. a7 for Hefoam < fea da3t (7 a®H) fAeg d°? 3t fegufax fAeg I A T

0 -4 5
Al=0 3 1=0
0 2 5

5. fad faR fegufoxs & far Jdast (7F a®H) § P AEwt 3 J&t Af Qua (AT AR #F
H¥) FIafent #er § 3 fagufoa & Wz 3t 83t Ot Ifdet T w3 afsfsa femat
8dt sfdet J1 A9 P fAA3 (even) IR U9 afef3a femat sw® At J, As9d P &
el

Geggs =

=6

1 2 3
Al=[2 3 4
15 3

gz ufodt dast m3 it yast & g st s9s 3



#.8. grar St 71 gy fefamrs : uger g

|Al=

Il
o)

1
2
1

[\S RN US IR
W B W

6. Aag far Hefoam ot €@ st (A7 awHi) fos fas fadnt d= 3t fegufox @
H® fAeg d<am
Gergas =H

11
2 2
4 4

Al=]2 2=0

7. fer & Hefoam & fea Jast (7 aww) fég far gft Uast & geee® #F6
(weBT) 3 fagufaa T H® &I FEHT
Geggz =

2
|A|=‘ =8-3=5
3

gz gift ¥a3t § 2 &% g 9a ufadt Jast fee Az fe€

2+6 1+8
3 4

= =32-27=5
3 4

‘89

8. ﬁmﬁﬁﬁzﬁwéﬁau&ﬁ(wﬁam)hﬁeﬁu&zﬁ(mm)@
Jzaes Jd° 3t fagufaga &t oWz fReg I At T

-1 2 2
0 3 0=0
8§ —4 16

7.4  Hefgan & msafee (Adjoint of Matrix)

Refear & feudls, u3™ a9 & A Hefgan @ fogufoa w3 Hefoam =
nzAfee 9 AEadl 9 Agdt I

msAfee A 3 I T Hefgam A € AT it @ Afg-Ust (Co-factor) 3 =T
Hefgan © zoumAl fem & feurfunr a9 &8t Wit mxn gH & Hefdam A &% T

a1 A1y e adqn
a A9 e a
A= 21 22 2n
Aml Ay e L2 —— mxn
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ﬁzﬁaﬂAéaﬁavﬁH(aij)ﬁﬂﬁ—&smaﬂywwﬁﬁﬂéﬁ&?aﬁ
wHT (c;) &® fod Aae 7 ay § cy o® FEB I Afg-¥st © fex Hefoan safenr
Ha@ﬁm%femjc=(cij)wfsfuwwmﬁ|cﬁzﬁ|aﬂ@2w&ﬂ(0)lé

Hefdar A & nizafee wye@er Ji

Cll €12 €3  eereennn Cin
AdjA = C! = €yl €32 €23 eeeeeennn. Con
Cml Cm2  Cm3  ceeeeeeees Cmn en
Cit  Clp e Cml !
AdiA =C' = €yl €3 eeeenn Crm2
Cml Cm2 e Cmn e

HefgaA & ‘BW (Minor of Matrix) m3 Hfdan Afg-d3 (Co-factor of Matrix) :
Refoan dn-afes S8 Acfoam € B 3 3= J Hefoam '8 yuzs &3 &<
Hefoan far <t Hefoan €@ 99 wim v fex sy Hefoar (feguex) der J fAos €A
yast 3 awy § frar &9 R »fm Age der 7 &8 & yuz &3 Afer JI
GTgds =

a1 4 a3
A=lay; axp apy

az; aszp azz
Ad9
a4 a3

|Al=|ay; axp ap
a3; aszy asjz

3 fer @ 9 wiEt ¥ 9 ‘BYW JE fAS a; © wy
AgE 4|

(o3 ]

M &% fogufes disr &

azp axs

a;; € W (Minor) Mi-
= a3y a33
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ajp T BY (Minor)

ajz © Y (Minor)

ay; T BY (Minor)

ayy T BY (Minor)

az]
asz]

73

az3
a33

az
a3p

a3
a33

a3
a33

fer 39T gt @ i € ‘B fogues few? & AaE T&I

Afg-¥3 (Co-factor)

gy fefamrs : uger g

ﬁﬁuﬁa@ﬁﬁﬁwm)@m‘vu—s@ﬂmn@mwﬁawﬁﬁmis
Ea?mfwnm?@ﬁswf—t@wﬁl gn mEel f&9 g
waij@w?;s(-l)lﬂma_waa&qmaﬁzﬂwﬁlmma'H@aijETFrﬁr—br”ssz
39" fsftor &7 AaEr T

Aij=(-1)

fAg i »M3 j gHe9 Uast w3 a®H

Gugdz =A

ajip ap
|Al=lag;  ap

a31 a3

a
|A11 | =(‘1)1+1

a
|A12 | =('1)1+2

|A13 | =('1)1+3

a3

a3
a33

a3
a33

as3
a33

ax»n
a3y

TIAET T3

[(fe; E}
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a1 a3
a3y 433

fer 3g7 gt € wint € ‘Afg-u3’ few® & AaE Ta)
Geggs =

| Ay [=(-1)%!

1
59 A=|2
3

0
1
2

—_ O N

A © n3Afee U3 J96 BTt 99 Wi € ‘Afg-¥3° yuz I3

T |Al=

W N =
N - O
o

1
Ap=(-1ntrH, [=(1-0)=1

L+2 2 0
A12=(—1) 3 1 =‘(2‘0)='2
143 2 1
Apg=(-1)1*3[; L =+(4-3)=1
01 0 2
Agy=(-1)2*1]) [ =-(0-4)=+4

1
Agp=(-1)?*2|; |[=+(1-6)=-5

1
A23=(—1)2+33 =-(2-0)=-2

[\]

341 0 2
A31=(-1) 1 0 =(O—2)=‘2
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1 2
Agp=(-1)3*2,  |=-(0-4)=+4

1 0
Agz=(-1)3*3), ||=(1-0)=1

1 o2 1t
AdjA=| 4 -5 =2

2 4 1

1 4 2]
AdjA=|-2 -5 4

L 1 _2 -

7.5 wRfoe; dk ft gols (Inverse of Matrix)

Adg det T9ar Hefgam A Fge™t (Non-Singular) 9@ »IE3 |A|=0, 3t Hefaanm
A 2 feoulls § YIIH3 a9a HIe J Aaer § m3 A Hefgan @ feudls Al fdg &5
fafemr 77 At 31

Al ladj A|

) A|=0
A [A|

Afg-43 Hefoam & armla
Al
Bug 7.2 m3 7.4 &g wit Hefgar © fegufoa & wisAfee yus z9s =9
TEagt fest At gz mift @eges Idt Hefgam e feudls uzsT a9l
Buggz e

A—l -

739 A= 3t Al yzT T

S w»n N
[ ]

|A|=

S w»n N
—_— e O
)
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76

| A|=2(3-0)-0(15-0)+(-1)(5-0)=6-5=1%0

dT

1 _ AdjA

Al

T
Ay Ap Agg

Adj A=|A2a An Axn
Az Az Azg

10
= 2 @ Afg-¥s = (-1l =3
. 5
= 0 ¥ Afg-¥s = (-1)1*2|, =15
. 51
= -1 & Afg-¥3 = (-)1*3|, =5
. 0 -1
= 5 @ Afe-ds = (-1)2*1) S]=-1
. 2 -1
= 1 & Afe-ds = (-1)2*2|) ,|=6
. s O
0 © Afg-d3 = (-1) 0 1|72
. 0 -1
= 0 ¥ Afg-¥s = (-1)3*1) ol =1
) 2
= 1 & Afe-ds = (-1)3*2|; I=-5
. 2 0
= 3 ¥ Afe-ds = (-1)3*3|; ||= 2

gy fefamrs : uger g
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7.6

4

far & Aefoam A fAr @ feudts dT 'v I=2, feud’s fea fex der I
g a9 fa A fea T9ar Hefgam @ m3 B 3 C fer € ¢ feud’s Hefoawm &l
fa€fa B, A = feudts ¥ AB=BA=I ............ (i)
Aag C & A @ feydis ¥ AC=CA=I ... (ii)
g faBfa A,B,C AW T9d Hefogan Is fer %t I=6e% CAB yu3s 37 A7 AGE
ol
Iz CAB=C(AB) = CI = C

CAB=(CA)B = IB =B ... (iv)

(iii) M3 (iv) 3 C = B
€ Hefoan € gzoes © feudls Qg Heform € dcee® € feudist € a9 de
JdI m3E3 (AB)'l = Bla-l
far @t Hefgam © =9mUA © feudls €R Hefoam © feudls @ 29U € IS99
ger 31 (Al = (ah!
foar & Aefoar € feudts @ feudts €4 Aefoam dTer T

é@m:ﬁa%@ﬁzﬁaﬂwﬁuﬁgwaa
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Al =

AdjA =

-8 + 3 (-12-2) + 0 =

(—1)“1(1)
(112
(1S
(1>
(-1)2*2
(-1)2*3|_
(131

(-1)3*2 ;
3

(-1)3*3 ;
3

4 14
-12 -8

78
-8-42
-4
= -(-12-2)=14
(0+1)=1
-(12)= -12
(-8)=-8
-(0-3)=+3
6
-(-4)=+4
+(2+9)=11
4 -12 6
14 -8 4
13 11

-50

gy fefamrs : uger g
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7.7 AYTH

fer us &g wAt Aefdar @ fogufaa w3 AT J=f g9, ASfdan T wisATES
g9 TEadl st J1 Hefoan © feudts fem € fagufaa »3 wsafee & AofesT && ot
yus &3 7 AGE d1 Hefgan © feud’s ywuz a9 &t feut Gewast & mAofest &5
gAt aret T

7.8 yas
1. Hefaan w3 Hefdan © fsgufax g »izg <RI
2. Hefgar @ sy 3 ot g= JI
3. Hefgar @ Afg ¥3 3 o 3= JI
4. Hefoar @ feudts =t g9 #eadt febl
5. Al &t 37
<3 YHs
a 0 -a a -a 0
1. ag A—{a 2a 0] w3 B—{O 2a a]
0 0 a a 0 4a

3t fAg a3 (i) (ALl = A ({) B! = B (iii) (AB)!=BlAl
2. Js f&3 Hefomm = feuds uz a9

3 4
i) A = L 7} (i) B =

8 7 6
@iy ¢ = |° 2 °
301 4

3. J5 feshrt Aefoma =t fAT &3
AATL = AlA =1

W K =
NS NS RSN

N = W
"
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5 6 4
6 8

i) A = Gy a = > 17
12

4 2 8

4. J5 e Azfarm € wisafee U3t ag|

5 1 1 4 -1 1
i A=l0 2 2 i) B=|3 1 1
31 4 1 I -1
5 frog a3 As9
-1 -3 3 -1 0o 2 1 3
1 -1 0 1 1 -1 2
A=|2 -5 2 3| stAl= |1 2 0 1
-1 3 0 1 -1 1 2 6
7.9 UIsHd YRS
1. Quantitative Techniques : S.C. Srivastava and
Smt. S. Srivastava
2. Basic Mathematics for Economists : Dr. S.C. Aggarwal and

Dr. R.K. Rana
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AHIT® AHladst & J&
(Solution of Simultaneous Equations)
gu-duT (Structure)
8.0  gHar

a

8.1 Hze

82  AHI®I AHAIsET & I8 Ids & 39
8.2.1 Wefdanm €< = 3dtar (Matrix Inverse Method)
822 JJIHI fswH (Crammer's Rule)

8.3 HIITH
8.4 YHS
84.1 B2 YHS
842 TBH YHS
8.5 UIS WdT yAsdr
8.0 gfHar

;6??; 4 &g »ft Aefory g9 Aeadt yuz JiFt J fer us &g »iAt
FHITE AHtadsT & I& Iatar A &t Aefarad M3 foguda & =93 <t =St A7 Aaet
JI He B A3 uH T & H@H 93T BE & AHIS Sifenid miadst as

a;x+b;y+c;=0.......... (i)

a,X+by,y+c,=0........ (ii)

(i) »=x (i) & »Ht mHaEt mftagst afde afl (1) »3 (i) together are called
simultaneous equations as there will be only one pair of values satisfying both the
equations simultaneously).

g mAl 835 &7 H3H ga" BEt B35 AaHarEt mftiagst &2 ot

ap;; Xy +ay Xy +a; X3=by

ayy Xy +agy Xy t+ay; X;=b,

ag) Xy +agy Xy +agz X;=b;

X,,X,,X, & H& o £ A Adhi mftadst & udr Iae 33
mHiagaT €7 J& s Jier J|

fer 377 g ndI-HBH 937 BT AHITHT Hifenig AHladst & Aefgan € 3d1a
&% fafaum a7 Aa=T J|

3
:
:

ap Xy +ap X, +  —------- +a;; X, =b,
a21 Xl +a22 X2 + @ ————-—-——- +a2n an b2
aAnm Xl +an, X2 + - tan, Xn =bn
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X, X0, X5 ———-%x, € H& 7 f&ad AH AdhT milagst § uar ade Is €3 &
HIST AHiaasT a7 J&% wrft wfer J
8.1 H3T : fom us T Wy ¥z maHE AHladst & 9% adsT JI
8.2 FAHI® HBifenia mAflagst & I8 dds & 3
HIE Slfond mfiads & I8 Ids € JIs fsg 39 a5
€) Aefgam €3e = 3dtar (Matrix Inverse Method)
(M)  FIHT fowH (Crammer's Rule)
8.2.1 Nefam @x<c = 3dat
HIHE AHladsT & J& ads et Aefdan 88 = 3dtar fer 397 31 Hae =6

A3 UH 86 Sfeona miadst a5 fagh & »ift J& Idar I, »iaa3 X, X, M3 X,
=T H& U3t IdaT JI

a; X;+ap X, +a3 Xz =b,
ay; Xy +ag X, +ay3 X3=b,
ag) X; +ag X, +ags X3=by
fegt AHiagst & »iHl Acfgan € 39 o f&d Age I
AX=B
;1 413 a3 X, b,
fy AT|a21 axn ay|x=|X,,B= b,
az; A4zp 433 X3 by
Had |A|¢O?ﬁ2ﬁaﬁ@m%3ﬁﬁwmﬂm?ﬁ?§%ﬁ@3ﬁﬁﬁ
y3T 3T AT AT J|
X=A"'B, A& p-1 Aefgan = €z<c JI

T
a;; 412 43

dp1 Ay Apg

A1 AdA (85 asm as ™8 A A A e cofactors I&|
A A
Gugds 1 Jo =3t mlads™ & Aefgan @e € 3dd o&% I8 IJ|
5x; +4x,=26
2x, +7x,=32
J& . gT 5x, +4x,=26 o &St It mHtadst aa|
2x,+7x,=32

Hag fegt mtagst & AT Aefaar € 39 o5 fodie 3TA X =B



A-1_AdiA
A

|A|=‘5 4‘ =35-8=27
7

7 -4

-2 5
27 27

X —a-lp |27 27 [26

182 128

Xi|_|27 27 |_

X,] |52 160
27 27

Hencex; =2 ™3 x,=4

83

—4
27

27

wag-fefams -

Check Substituting these values in the original equations

5(2) + 4 (4) = 26
2(2) + 7 (4) = 32

Sugdes 2 : Js &3t mitagst & A<

2x+3y=7
4x+2y=10

fegt AmHlags™ & Aefganr & 3913

&% foa

Ugdr €T

G@c @ IdF % J& IJ|
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wag-fefams -

_AdjA {Am Agy

A_].
A A

A, =a;,;, 33 € d&Iad =(-)*(2)=2
A, =a, 33 € Jd&Id =(-1)'"?4)=-4
Ag =ay 3II T FIET =(-17" (+3)=-3
Ay = ay 33 T FIST =(-1)*?(2)=2

1 3
2 -3 7 3
-1 _ _| 4 8
S P
= 2 4
X=A"'B
-1 3 -7 .30
[x 4 8 7114 "8|_|2
N y B 10 Z 2 1
2 4 2 4
x=2,y=1
Gegde 3 : Jat i3t milagst & Aefdgar @e € 393 o I8 Jd|
x-2y+3z=1
2x+y-2z=-1
3x-y—-4z=-5
x-2y+3z=1
2x+y-2z=-1

3x-y-4z=-5

Ugdr €T
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Had fegh mHtagst & »it Aefgan € 3dia & fedte 31 AX=B

1 2 3 X 1
ry A=[2 1 2| X=|y|B=|-1
3 -1 —4 z -5
1 -2 3
g= A= 1 -2
3 -1 -4

|A|=1(-4 - 2)+2(-8 + 6)+3(-2 - 3)
|A|l=-6-4-15=-25

A1 AdiA
A
T
Cll c12 CIS
AdjA=|Co1 Cyy Cos| e Adjointer UZT II5 St wift fom Jeaeg Nefgan
C31 C32 C33

=7 ZIHUT B2l

ey = (-1)" (4-2)=-6 o1 = (-1)*7 (8+3)=-11
1 = (-1)"? (-8 +6)=+2 o = (1% (-4 -9)=-13
Ci3 = (_1)1+3 (2-3)=-5 Coz = (_1)2+3 (-1+6)=-5

c., = (-1 (x*-3)=1

31
Cgp = (-1)°72 (-2-6)=+8
Cag = (- 1)3+3 (1+4)=5
-6 2 -5 -6 -11 1

AdjA=|-11 -13 -5| =| 2 -13 8
1 8 5 5 -5 5
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(6 11 1]
25 25 25
6 -11 1 _% ;% _?85
2 -13 8 1 1 1
Al _ -5 -5 5| Tl 5 5 5
-25
[ 6 11 -1 [ 6-11+5 |
25 25 25 1 25 0
% _alp_|_2 138 8| || |2-13+40| |
25 25 25 25
1 1 1|5 ] +5-5+5 | [*1
|5 5 5] R
~x=0,y=1,z=1
YRS Ft 1
1. Js =3t mfiadst & Aefgan @3 € 3dd o I8 ad|
2x-y+3z=9
X+y+z=6
X-y+z=2
2. Js =3t mfiadst & Aefdan @ € 3dd o I8 ad|
3x+y+3z=12
X+5y+2z=9
2x+3y+z=8

8.2.2 JdIHI f&WH (Crammer's Rule)
drafg® IIHT (Gabriel Crammer) fea Hfen IfesAH3TT I8 g5 gt 3

Slfeong mHiads™ & I Ids = 3T i I AR § IIHT © fsuH a5 Afanr
Aer I fen fouq 89 fsgufaa &€ wmofezr &t At I He & A3 unH Ea
Slfonigd AHtadsT Is|

a;; X;+a, X, +a3 X3=b;

Ay Xq+ay, X, +a,; X3 =b, ~AX=B

agy; Xy +agy Xy +ag; X;=bg
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a1 a2 a3 X, b,

fy AT|221 @ Ay |x=|X2|,B= b,

dz; dgp A4gg X3 by

a;; a;p a4y

.'.|A|: ay, Qg Agg
a3; 4agzpy Aagg
b, a;; aj;
b, a; ag
|A1| b; az ag;
X, =
A A
a;; by ag;
a; by as;
|A2| az; bs asz;
X,
Al A
a;; a;p by
as; @y by
|A3| asz; ag, bg
X3= =

Sugdes 4 : I f&dnit mlagst & IdHg & 3J &% I8 JAJ|
20x; +30x, =190
5x; +10x, =60

IJ% : fegt mHlaast & Aefaan @ 3dd o= faui

AX=B
[20 307 [x _[190
o 2 e[y [2]
e x A o, =2l
A A
|A|=20 30‘:200—150:50
10
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|AJ=F§§’ fﬂ = 1900 — 1800 = 100
|A2|:‘250 169(?‘ = 1200 - 950 = 250
g, <l 100, —_

Al 50 T Al
X1 =2,X,=5

_250 .

wiIg-fefamis © uggr eqr

50

Geugde 5 : JIs f&dht milagst § aoHg € 3da o8 I8 IFJ|

5x; —3xX, +X5=2

J& : fegt mHiadst & Acfgan € 3da o fsgi

AX=B
3 2 -1 X, 4
fy A=|-1 -1 3|,x=|X,|,B=|6
5 -3 1 X; 2
3 2 -1
o= |Al=]1 -1 3
) 5 -3 1
4 2 -1
A,l=6 -1 3
2 -3 1
3 4 -1
A= -1 6 3
5 2 1
(3 2 4
|As|=1]-1 -1 6
|5 -3 2

=3 (-1+9)-2(-1-15)-1(3 +5)
=24 +32-8=48

=4(-1+9)-2(+6-6)—1(-18 +2)
=32-0+16=48

=3(6-6)-4(-1-15)-1(-2-30)
=0+64+32=96

=3(-2+18)-2(-2-30)+4(3 +5)
=48+ 64 + 32=144



H€hg gar A 89 igg-fefams © uggr gqr

Al _48
oAl 48
x, [Pl 96 _,
° Al a8
x, sl 144
> |a] 48
yHs B3 S 2

Js I3t miads & adHad &€ fouH &% I JJ|
(i) 2x=yxz=1

xX-2y-z=15

2y-5z=9
(ii) XX 2y-z=2

3x-4y+2z=1

-x+3y-z=4

fer us @8 »iHt © A 35 o7 U@+ 99" @8 IJlaa AHarst AaHiadsT I8
o Idfat s (efa Aefgam €@%c = 3dtar (Matrix Inverse Method) »3 IIHg
fsoH (Crammer Rule) YUz I3s §79 G@egdet Afgx Aeardt &3t 31 Tt 3difant
&% AHtadsT e d% fea It »rger Ji

8.4 YHAS
8.4.1 &2 YHS
@i) Hefgan €®e 3dta 2 4t 3= I2
(ii) Crammer Rule 79 A=ardt feg|
8.42 BH YHS
1. Js St mftagst & Aefaan €&e @ 3dta adt I a91
x-2y+3z=1
3x-y+4z=3
2x+y-2z=-1
2. Js it mitigast & IdHT fouH o7 Jo ad1
2x,+x,=3
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3. Js it mflaast & Aefagam €& »2 FIHT fouH a5 Jo a3
3x+4y+z=5
2x+3y+z=4
X-y+2z=9
4. Jat it mftagst § Aefaan €3 »2 adHg fsuHT s Jo 3|
X+y+z=6
X-y+z=2
2x+y-z=1
8.5 UIS AT YA3AT
1. C.S. Aggarwal and R.C. Joshi : Mathemati\cs for Students of Economics.

2. O.P. Bhardwaj and J.K.Sabharwal : Mathematics for Students of
Economics.



#t8 grar J=r wag-fefap™s : udgT gdT

Fedt yfeadt © W
(Measures of Central Tendency)
gu-adT  (Structure)
9.0 ZfHar

a

9.1 H3<s
9.2 wIAIT Tt farHT
9.2.1 dJife3x »A3

922 HTgar
9.2.3 THIIEISH, SHESH WMI UInEIST
9.2.4 WF

9.3 HIH

9.4 YHS

9.5 UIS Wdr yAsdr

9.0 gfHar

viafant & fedar a9 ¥ BxF & It fg3at AF Byt fidz3at & mas v F, G5
o7 Igdfidda M3 HOSiads JdaT df AS BFie He yuzs adt gg=r Aaer| fer set
HT fed »ifdgr »iazgr &ge gf fAgsT 3 77 BIt It vy fermzseh yare a9
w21 feg »iafanr & »ifnd €91 o7& 3ng gger I fa feg fea »iagr It I& »iafzmnt
~ gF eol/ fJj Wg nkv sb s/fe;/tg (distribution) € Ho feg der J1 fem et
fegst & Jedt yfeast A »iH3 (Average) »ifamm wier J1 »A3 fan B3t <1 yfsfsa
Jdt I1 Jedt yfeast € vy A7 »irz & ufggmr Su-Sy »iagsr fefamiah & a2y
o3t I

"An average is a figure that represents the whole group." Clark

"An average value is a single value within the range of the data that is used to
represent all the values in the series. Since the average is somewhere within the range
of the data, it is something called a measure of central value."

-Croxten and Cowden

9.1 H3e
fer us = oy H3= »iRs yuzs ader I a3l fa »iafant & fa Afanr fieg
Ygie I Ia| »iaasT fefamis € 99 v @ fa Afg AT (correlation), ¥R fegse
(Mean Deviation) »ifte €t ¥HZ 3 »ufdx Js| ferm =t »iAz3T & 293 Agdt I Al
I Jedt yfeast adt »iHt mig 32 = Aagw g ¥Rz gdt TaRGe It fan %

BEST WMHS I At I

91
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g4t dedt yfeast A »iHz It feanz=t

g g& W3 AASH nigHd, fex »iAz @9 Jo fed g Jd& vdie ga
g ygthz J2|

—

)

2) At At miofaz 99

3) e €9 Ag® J<2|

4) mMBagdt fe@g= (Algebraic treatment) 13T AT HIA|

5) Jg »iazsel st &9 Agtea J2

6) Jgr 939 ©dar H& yuz JizT 77 A |

7) fer 3 gg=z <3 AT 93 8 H& € fmver yge &dt dEr gvdterd

9.2 WHAI3 Tt famt
iz It famdt
(Types of Averages)

Mathematical Averages Positional Averages
I I I | |
Arthmetic Geometric Harmonic Median Mode
Mean Mean Mean

fem us feg »irt »Az it fEa famit orst Iifesa »iRs, Hifaar w3 Hs =T
ferag ygea »ftmis Ige Il
9.2.1 dUIfe3d WHI (Arithmetic Mean)

IfEzx #HZ AT »idfan = yIifsuze Iget AZ 3 MHs HU I M3 AF 3
tX toshikD tkbhn's j?2 i/@ 99 X,X,,X,..X, nifs e I 3t wiAz Js 3
H3d It yuzm St At I

&g Z:X,xl,x2 ........ X, 937 ¥ HS' = A3 JI

n=49d" € st & gz faredt Ji

Arithmetic Mean is defined as sum of the different values of variables divided by
number of these values.
gife3a A= € fsgugE ([Determination of Arithmetic Mean) :
(a) fena39z 3t (ndividual Series)
1. 15\'1:[ fedt (Direct Method)

e fa Qua <fimr famr I fer fedt © nigAg Jifesa »iAz des = H3d
(Formula) Jd& &3 »igAg JI

A.M.i.e.izi
n
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2. Hou f&d? (Short cut Method)
fer fedt »igAg Iifeza »H3 U3T A6 € H3J (Formula) J& &3 »igHT J|

_ D d,
A.M.i.e. X=A+
n

feg A = Isfuz »H3 (Assumed Mean) JI
d,=X-A=X ¥ H& »3 ATEY »izg
Dde=) X-A=d, ¥ "I Het = A=

N =X =3t &g ver &t g fars3t
¥ads : 1. Js &3 »iafmwt = gifsza »iFz u3T J9|

Marks 30 41 47 54 23 34 37 51 53 47
Al —_— X
d& - dE X==_
n
ZX = 30+41+47+54+23+34+37+51+53+47 =417
N =10
x=217 417
10
Gugds 2 : Jo &3 »niafawut e gifszxa »H3 Uzt adl
X: 14 16 20 22 24
J& : (Solution)
X d,=X-A dix=2
A =20
14 -6 -3
16 -4 -2
20 0 0
22 2 1
24 4 2

D dx =4 D dy =-2

Direct Method

g
N

2 192
5

X
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Short Cut Method

_ fo

X=A+
N

_20+ =
5

=20-.8
X= 19.2
Deviation Method

Zd; x 1

N

X=A+

=20+_—2 x2
5

_00_2%
5

=20-.8

X= 19.2
(b) Discrete Series (H33 =3))

df33 B3t feg dfeza »iAz yuz Ids € I f&g 39 Is|
(i) 'LE\:H fedt (Direct Method)

fern fedt € »igAg »H3 yus J9s € Js fd3r 39 J|

< Z fx
N
(ii) #Hou fedt (Short Cut Method)

D fd
N
feg A =asiuz »iHz
N = Hdhit gdgrazT e A3
(iii) u=w feoses fedl (Step Deviation Method)

1
Zfd x C

N

X:A+

X=A+

IGES dlz—i‘A
C

C = Common Factor.



H€hg gar A 95 nIg-fefgmis © uggr e
Qeggds 3: Js &3 »iafamt o »iAz JI€

Marks : 20 30 40 50 60 70

No. of Students : 8 12 20 10 6 4

I& Marks No. of Students
X f X-40=d fd
20 8 -20 -160
30 12 -10 -120
40 20 0 0
50 10 +10 100
60 6 +20 120
70 30 120

4
Zf=60 Zfd=60

60

_ Zfd
X=A+ =40 + — =41
60

(¢) »dfs3 S (Continuous Series)

i3z B3 G =3 § IfJe g e f9 g9a 99 fodzg vg J=21 fem &g
A3 § 35 35t & Ifenm A7 Ager J|
(i) 'LE\:H fedt (Direct Method)

fern fedt »igAg »iHz dee w Ja 3T B3I (Formula) Yuiar Si3r Afer J|

i:Z“fm

N
78 m=x939 € g9 2391 = Hg fdg (Mid Point) JI
fm =g9 "o fdg & Atz gdga3T & = JI

mezfm IBH T HI WS = oAx
N = Ardbt grdgrazsT =7 13 J|
(ii) #Hou fedt (Short Cut Method)

_ fdm
fer fedt »wioAg »H3 i.e.X=A+ZN

&g A =gsfuz »iRz J|
Y dn,=m-A= g fifg W3 A few »izg I
fd_ =d, & HEU3 Idga3T &8 dE J|

D fd, =fd, & T wI F T A" I
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(iii) u= feoss fedl (Step Deviation Method)

feg fedt Aoy fedt @far It 31w dm @9 It AT gIeses (Common factor)

Je 3T »H3 U3T Jde HE IS 3 HId = yudr i3 "er J

_ fd! .\
X:A+Z <C fo& dlzm_
N C

18 C =737 gieses I

gugds : 4
x: 10-13 13-16 16-1919-22 22-25 25-2828-3131-34 34-37 37-40
f: 8 15 27 51 75 54 36 18 9 7
I&
m-23.5d
X m f e — fd
3
10-13 11.5 8 -4 -32
13-16 14.5 15 -3 -45
16-19 17.5 27 -2 -54
19-22 20.5 51 -1 -51
22-25 23.5 75 0 0
25-28 26.5 54 1 54
28-31 29.5 36 2 72
31-34 32.5 18 3 54
34-37 35.5 9 4 36
37-40 38.5 7 5 35

N =300

Zfd:69

D fd 69
X=A+ xC=235+— x3 =2419
N 300

Mathematical Properties of Mean

1.

X9d € IJd H& & wH3 3 €dd &€ 13 IAHT Hig (0) der JI

ie. Y (x-x)=0

X 99 € I3 HS T »A3 I €dd © Square € 1l IHAT Uie I Ul JeT J|

i.e. The Sum of the Square of deviation of the items from arithmetic mean is
—\2

minimum or Z(X—X) = 0 is minimum.

72 A2 I e QU Agt It wIR3T g U3 92 3T AWM= (combined)

deT Bl I& g3 B33 (Formula) €1 @33 izt At JI



Hgtg 3gar I 97 wag-fefamis : uggr gdar

Xig =—""——"
n;+n,

A& X;, = Combined mean of the two groups.
X, = arithmetic mean of the first group.

X, = arithmetic mean of the second group.
n; = number of items in the first group.

n, = number of items in the second group.
gife3d WAl &€ dI€  (Merits of Arithmetic Mean)
feg »m 39 3 »iASH & AHST w3 I8 JiEt 77 "aEr I
feg Aure 39 3 ufggthz w3 forfez It JI
fer =7 wisaadt f@@9& (Algebraic treatment) € 3 Haer J|
fer feg B3t € A9 »iafan & =93 i3t At I fer et feg »iEz »iafan
< 29 ySifeuzr aa<t Ji
gife3a WAl © »idie Pemerits of Arithmetic Mean)

NS

1. gIH HST (Extreme Values) € guT yge Uer J|
2. fer »A=z € HU Gn o3 @9 It Hae Jer I #ad Ag Adhit He' (items)
Uzt Ja|

9.2.2 HTGaT (Median)

Hfgar (Median) Wg€ 3 < I Hg o=@t gt »@gs feg G gt I faost

=3t (Series) & € AH® gar feg &3 &<t JI

Secrist @ ™&HY, "Median of a series is the value of the item actual or esti-
mated when a series is arranged in order of magnitude which divides the distribu-
tion into two parts."

HTOgr He € @0 U8 J o Adg & »ifnd © gar &9 Iswr I fa £ 3
et Haet & & GF 3 g m3 gd Iar €t Hel & ¥ G 3 Wie de Is|
Hfoar & d¥ET  (Calculation of Median)

(a) Tfewa3aiE B3t  (ndividual Series)
(i) A< Het & faiest odd @ (When number of items i.e. N is odd)

A< Het € @3t odd I° 3T Higar I fsg B39 (Formula) It dfenm &7
Ha<T JI

Median = Size of items, where N = Number of items

(N +1y"
2
Gogdes @ dad N=11

(N+1* ‘ 11+1
items = Size of 5

Median = Size of =6™ items.
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(ii) w< A=t & fore3t even = (When N is even)
A< "ot < fare3t even 9= 3T Hiftar © dedt Hef © fegaag feous J24ft

N th
feg € Her 3 1 (_N+22
RESHE

Gvrgde @d dAdd N = 83J21

Het Jait w3 Hibar fegt @<t © »rag € HiHiZ »iFAs

4™ jtem + 5% item

=3t Median = 2

desT & ydr
(1) Hel 93¢ A Bide gy @9 J9I
(2 Het &t fare3t JJd|
(3) Hiigar €7 H3d SAre|
@¥Jgd< 5 : Find the value of the median from the following data.

12 14 28 10 2 25
J& : Arrange the terms in accending order.
2 10 12 14 25 28
N=6,l=3
2
N+2 e N oi341-4
2 2
12+14 26
Mean of 3rd and 4th item = 5 =?=13

~.Median=13

(b) dfs3 B3 (Discrete Series)
drEaT & udr

(i) viafanit & 932 FH (Ascending Order) A7 ©3d= JH (Descending Order)
feg feai

(ii) It gdg a3 (Frequencies) 3 HfGx ¥dgd3" (Cumulative Frequencies)
2

o N+1
(iii) Median & He 5 4= IJ1

N+1
2

(iv) g= HAfgx gdg93” @& I&H § 29 M3 HiEs He B3 faasr

Jd@ ¥ ©@H 3 next higher 321
) feg Hs Higs J2armi
8vgds 6 : Jo fe3x »iafgwt I3 wihar uzt IJ|
Income (Rs.) : 4,000 4,500 5,800 5,060 6,600 5,380
No. of Persons : 24 26 16 20 6 30

< gd=gd
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~

d&

Income No. of Persons Cumulative Income f c.f.
arranged in f frequency
ascending order f
4000 24 24 5380 30 100
4500 26 50 5800 16 116
5060 20 70 6600 6 122
+1t 122+1

Median = Size of item = =615™ item.

Median = Rs. 5060.
(¢) ™dfs2 B3T (Continuous Series)

»dfsz B ffg witer des <t fedt I &3 uet »igAa I
©®) &St gdgrgzT 3 Hfez gdggsT yus JJ|

th

2

() Median = Size of

item.

Nth

(®) Hfgx gdgazT asH feg &

fg3r Hfgar @gar (Median class ) J%2|
(»f) g= Hfgar € A% Js 3 H3I Formula) IIT T2

Nocs

Median = 1, 2 - i
L, = Lower limit of the median class.

g3™gd ot €7 2 Next higher He € "AaHE

C.f = Cumulative frequency of the class preceding the median class.
f = Simple frequency of the median class.
i = Size of the median class.

Bugde 7 : Jo &3 »iafswii I Median I=

Class : 100-120 120-130 130-140 140-150 150-160 160-170
f: 6 25 48 72 116 60

170-180 180-190 190-200

38 22 3

IS -
Class f C.f Class f C.f
100-120 - - - 6 6 160-170 60 327
120-130 - - - 25 31 170-180 38 365
130-140 - - - 48 79 180-190 22 387
140-150 - - - 72 151 190-200 3 390
150-160 - - - 116 267
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th
Med = Size of

Med. lies in the class 150-160

Nocs
2

f

Median = L, +

x1

:150+195—151

HTgar € T  (Merits of Median)
HTiaT

x10=153.79

10

100 "HGH—‘@‘G*H?St'UGETEJT-F

390
item = Size of T=195th item

WMHTST TF AHEWT w3 J&% 3T A7 Ag=T J|

Hgar €3 g9y He' (Extreme items) € »ad € yge &di Jer|

Hiigar

1

& Huz T foAfg=x M3 AURe B3I J|

HTaar © »idiE€ (Demerits of Median)

HTOIT & HUE SEt A miafzmt
¥ ¥ar feg »ifigr Igsr wgdt adti

1op

& gHEg foder Agdt I Ae f& gAd »H3

HOgr =7 wigdglda f@@9s (algebraic treatment) &dT i3 A7 AI=TI

9.2.3 IMTISTETST  (Quartiles),

(Percentiles):

St ET®sT  (Deciles) W3 uUdRSTESH

anTadaTEtSd, SHATESH M3 udreEtsy dee < €9 It fedt 9 faodt fa wfaar
Jdes & fedt J1 witar fan 33t & © AaHs gar &g @3 fdat 31 anrgeEisy,
StHEtsT »i3 ugdeEsd Bt § gHET 979, €H w3 100 Iar &g S fder Ji

th

Q,= Size of item.
(In individual observation and discrete series)
th
Q,= Size of ——item.
(in continuous Series)
, N1
Q;= Size of 3 7 item.
(In individual and discrete Series)
, AN+
D,= Size of 710 item.
(In individual and discrete Series)
| N "
D,= Size of 4 10 item.

(in continuous Series)
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, N+1 "
P., = Size of 64 100 item.

(In individual and discrete Series)

rN
P., = Size of 64 _ﬁ} item.
(in continuous Series)

9.2.4 AF (Mode)

"3 Hge SIHH IHT € »iud ‘Lamode’ 3 gfen™ I fAm € I< SHs I J|
I 9 G v I fm < =3t K9 A3 3 <g gdgazs Jdt I

““The mode of a distribution is the value at the point around which the items
tend to be most heavily concentrated.”” - Croxten, Cowden and Klein.

HE dec ot fedbdt
(a) feowmad9z B3t (ndividual Series)

fera3ee &3t feg A3 U3 ads ©f Jds fedt fedt I

yggH (Steps) - (i) ufgst feg uzr a9 & 99 € U3 24T H& &3 feg fdat-
oot =t feg fFatfadat =g »rEe I=|
(ii) faoz H® AZ 3 fomer @9 »ie, @g B3t € A3 (Mode) J29TT|
Gorgds 8§
Sharks : 16 18 22 16 15 16 14 10 11 16

Arrange the above data in ascending order.
10 11 14 15 16 16 16 16 18 22

Mode : 16

Hag & fdafdas I3t AHs w3 »iffasH gdgag3T gueht Jde 3t »ifadt €35
& Bimodal Mg It ™3 Mode & Y=z &dt 3T AT HAETl Mode is ill-defined
(b) dfs=x 3T ([Discrete Series)

df33 =3t €9 Mode sdtuE (Inspection) It € uzr Ji3r A7 Aaer J1 99
o @ W& A € gd9393" (Frequency) AS 3 20 Je, U3 faagr #AfEr JI
g¥gds 9 : Aad  x: 4 7 11 16 25

f: 3 9 14 21 13

yg el @g fer fedt o7& Mode yUI FIST HAIS I AeT J1 A< AIF 3 <0
F9gd3T M3 GHY &% @8 ¥d € g99d3T € »i3d ¥d3 W Jd9 3T Addiags fedt
(Grouping Method) =T yudar &tz #Aer J|

AHdta@dE  (Grouping Table) =@ & uU=gH (Steps)

@i) Ufag® aeH & ggga3T &g

(ii) gHd I@H feg € gdgag3s € IIdu g J Gast € O3 feu

(ili) 3 IBH (column) feg Ufgdt gdgazT § 85 F €< 9993 € Iy

g8 3 Gasr € A3 foa)
(iv) o I+ T Baei3s gdga3T € Idu g8 w3 Gast € O3 &)
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) Uad e+ feg ufadt gdga3T § 85 9 3135 gdgazT € Iy g6
3 G5t T Az foul
(vi) B2 IeH feg ufgdht € gdgazT § 835 J f3a gdgasT € Iy 56
w3 Gast € A= foqi
B : Iy feg & wmiBE o@T gdgdsT 83 92| Jd I@H foeg fagzst wiftfasy
H& O 67 © ©4& dad g fe
g WHT Grouping Table € He=€ && Analysis Table g=<iJl|
fer3As 298% QST (Forming Analysis Table) : & @ I fog ue I=
6) Ufgst 99 € Sud S4d H® fsui
(ii) Ufg® ar&H feg AYdiade Table € Ufd® Ir&H € »iffasH H& @& ue
& »ifaz ad|
(iii) fer 3g fTA3HT 298 € gd, A, 98, Uad »ix 8€ I3HT (Columns)
feg AHdiade 288 © wifiazsy Ha' @& Uer § »ifaz ad|
(iv) w3 ¥ 293 H& »iat =@r 73 JJ|
v) v € »ig Az 2 fimier Jd=dr, €9 A3 (Mode) J<ar|
Qegd= 10

From the following data of the height of 100 persons in a commercial concern
determine the modal height.
Height in inches : 58 59 60 61 62 63 64 65 66 67

No. of Persons : 4 6 5 10 20 22 24 6 2 1
Solution :
Grouping Table
Height Col.1 Col.2 Col.3 Col.4 Col.5 Col.6
in inches (1+2) (2+3) (1+2+3) (2+3+4) (3+4+5)
58 4 10 . "
59 6 | 1 11 15
60 5 1 15 = = 21
61 10 | 7 30 - " 35
63 22 ' - -
64 Y 30 | 4 32 7 1 &2
65 6 4 8 9
66 2 7 3 - - -
67 1 )
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Analysis Table

Height in Inches

Col. No. 58 59 60 61 62 63 64 65 66 67
1 x
2 x x
3 x X
4 x x x
S x x
6 x x x
1 3 S 3 1
fer3ns 285 feg 63 H& & »id Az 3 fimier g5, e =t
Mode = 63

(c) »dfs3 BT (Continuous Series)

U3z =3 feg Az dec & fedt df3z =3t @Ft fedt € avs J1 fadlus
fedt & Adiags fedt o7& (Modal Class) U3T™ Jd1 HS de€e &€ H3d (Formula)
TG |

Ay
A +A,

Mode = L; +

x i

Where L, = Lower limit of the modal class

A, = the difference between the frequency of the modal class and the frequency
of the pre-modal class (ignoring signs) = f, —f,
A, =the difference between the frequency of the modal class and the frequency

of the post-modal class (ignoring signs) = f, —f,

i = the class-interval of the modal class
Mode = L +& x i
2f, —f, -1,

a3 (i) o 3T inclusive form feg I 37 @H & exclusive form €9 g3
(ii) A @d9r fed Ma & d= 3T On & &3 fagr =6
(iii) ¥ Modal Class Ufg&t Classde 3t €1 3 fugst =391 99393 Zero

H2 |

(ivy € @39 A3 (Mode) & A & 3 2u Zggr feg der JI ud3x A3 w
fea It AN & <gar feg utenr 72 »ige3z 13 foguazs st I Haerl fer et A
deT &€ AH Ufgst HTOar »3 @9 AHGISd W3 dw w3 feH 3 amie I& f88 w3a
€ 233 ad|
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Mode = 3 Median - 2 Mean

wiIg-fefamis © uggr eqr

STagas 11

Js fodt Agst feg W3 d<

Marks No. of Students Marks No. of Students

Above 0 80 Above 60 28

Above 10 77 Above 70 16

Above 20 72 Above 80 10

Above 30 65 Above 90 8

Above 40 S5 Above 100 0

Above 50 43

Marks No. of Students Marks No. of Students

0-10 3 50-60 15

10-20 5 60-70 12

20-30 7 70-80 6

30-40 10 80-90 2

40-50 12 90-100 8
100-110 0

By inspection the Modal Class is 50-60

x 1

Mode = L; +
AL+ Ay

Mode = 50 +33

><10=50+§><10=55
+ 6

A3 € TS (Merits of Mode)

A 2 wige (D:merits of Mode)

1. H3 € wEagdt feegs adi i3t A7 Ag=T|

1. A3 ufggmr € »igg Qud A &% g Yf3feuzrt @rdl »H3 I
2. HS GUJT extreme values &7 yge &dJT d=r|

3. fem & Open-end Tddfiags feg Hiimm A7 Haer J|

4. fer = d Iae enigr & forfgz i3 A7 Ager I

5. ferm & J% 95 e AT Het € wedrdt Agdt &7

6. & & »Hst &% AHRPHT w3 J% JI3T 7T "Haer JI

fer = ¥ HIS <t g9 fea Ho GQua wmofas sdt Jderi
H3 <t fea forfaz ufggmr adfl A3 € Y3t S4d S4d H3d I M3 I9

fea w=9 Suar ufge fder I

4. gfeza »iA=x & 39T Her & forest & A3 o™ JIet Iad Her & 13
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adt yus I AaeTl
5. 13 feg ufgst w3 »gdt FWe e It Hdse sdf deri
9.3 HJIH
fer us &g »rAt Jedt yfeast € Hu wat »irz it Su<y faadt g9
fonaIez &3, df33 3 w3 i3 o3 £o des © 33 Gugast © 3 ¥ Ire
I& IR YAS JI& Ids 89 »HSH IS I9 »H3 € dIE M3 »igie g9 < Jedat
&3 It I

9.4 YHO
B8 YHS
1. gfezx »iAz df J2
2. Hifgar @ & wigie f&gi
3. YgHSTETSH € »idfsz B € 39 fed|
4. gife3a WAz &€ © Mathematical Properties ©H1
5. 13 =@ B35 g= fogi
23 yHS
A YyHS
1. Js g3 »iafsnit 3 Jifeza »iAs »i3 °HE JdL|
Monthly Wages No. of Workers
(Rs.)
Less than 200 78
200-400 165
400-600 93
600-800 42
800-1000 12
Find out the mode from the following data:
X: 5 10 15 20 25 30 35 40 45
f: 1 3 4 9 11 12 3 2 2

Find Q,, Q,, Median P, for the data given below:

21, 17, 18, 11, 27, 24, 22, 19, 14

Find Arithmatic Mean for the following series:
Marks less than : 10 20 30 40 50 60 70 80
Frequency : 3 14 31 56 78 88 96 100
Calculate Median
Class interval: 0-10 10-20 20-30 30-40 40-50 50-60 60-70
Frequency : 7 18 34 50 35 20 6
9.5 UIS WdT UHAIAT

S.P. Gupta : Statistical Methods



e 3ar ST wigg-fefamrs : uger gar
(H3g3Ha  fedin)

s & 1.10 Bfyar 3T feust duzT

famg 3 HU
(Measures of Dispersion)
gu-adT  (Structure)
10.0 gHar

o

10.1 MH3=
10.2 Tyza = nigg
103 faza € Hu & 3dF
10.3.1 3I7 (Range)
10.3.2 »i3g-gmdcels Ia (Inter-quartile Range)
10.3.3 WMJU-»isd Indaeis Id
10.3.4 »A3 feoss
10.3.5 YHU fegss

10.4  HIH
10.5  YHS

10.6 U3S WdT YHAIIT
10.0 gfHar

Us® us fdg »rt dedt yfedst € Hu g9 fersa o deadt yuz it
J1 feg vy 7S B3 (Series) & "o 9T 3 Het € wa3r (Concentration) €7 famis
TEEY Iol g Hu »iazt fefomis et 993 sgeiea g5 ugd gt vut @9 fea
&3t aft 31 fgg vy W&t &9 f8s37 (Variations) Hedt adt ©Ae1 It &3t Gega=s
3 &g AHHe 3T 7 AHaer JI

gEgds 1
Uq wmreHnt =7 ga
Series A Series B Series C
80 65 110
80 90 105
80 80 90
80 70 40
80 95 55
Total _400 400 _400_
X 80 80 80

o T QUISHT 35 &3t § 2die 3T 7g Uz Jarer J fa ag g =3t &9
N:S,ZX=400,§=80 st ot sFvi & Az S9ET I ud € €t "He3d T =i
106
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WMHEIFHBEIT T Series ATSg Ig & »ireHt =7 Iar »H=Z € g9™d I »idg3 Het 99
feagAg3T (Uniformity ) J1 €t &3t fE9 e &g It »reft €7 g9 »H3 € gd=d
I gt Her wiaz 3 UWe AT 20 Je »dg3 Series B ff9 Series A © HIES Iz
(Variations) femimar J| Series C €9 fd53T Series An3 Series B&™& gg3 fammer J|
f3at =Fmi & A3 g9gg d= © gege fegt &It &g a3 (Variations) I fer
et vz 7S BI & He 3FEd UF &dT 39 Aaer| feH &eEt fustg (Dispersion)
g B3t €9 @82 Wa=z3T (Variability) =7 uzr dt =dt fder Adl feg feguzr € 3l
HYU gd S grer J|
10.1 H3<
f®a € Hu € &g 7 H3e J&T K3 " I ¢
* »iAx & FIAWAST (Reliability) & SHE Ids BET
* fda3r (Variability) &€ 38sT a9 SET
* Jg rigzr fefamis € €91 @93 991
102 fu®a € w»gg
fam »A3 (average) @& He (items) © fasg & W3ar 7 B3 (Series)
< =39 B3 e U, & fUza (dispersion) »iumr wiar 31 B vy g &9
fer = "Haz fea =3t &g Het &t fearaazsT (Uniformity) € we €% Jer JI
fy=zrg < ufggmet
According to Simpson and Kafka, "The measurement of the Scatterness of the
mass of figures in a series about an average is called a measure of variation or disper-
sion."
According to Spiegel, "The degree to which numerical data tend to spread about
an average value is called the variation or dispersion of the data."
According to A.L. Bowley, "Dispersion is a measure of variation of the items."
According to L.R. Connor, "Dispersion is a measure of the extent to which the
individual items vary."
103 fy®a € vy 2@ 3did
&g € vy € Idifadm a8 yus Ji3 AT I8
(€) »iFH WY (Absolute Measures) : 90 fi®g @ Wy o3 & I
Higa fearght € gu feg yare di3 AT Js @ast § »iHt vy afde
JS|
(») BIBE3HA HUYU (Relative Measures) : fog fug @ €9 Hu g5 &
far Ta bt Hfsa feardt 3 B339 de I ffg Agds 39 2 HO
»igt (Pure Numbers), YSH3" (Percentages) mfe gut feg de Is|
fazgrg € ddHYU & f@RA3=T Characteristics of a good measure of disper-
sion)
&g € It Hu ga ug feast A9 Hut § fastg e dar vy adt fagr =T
AIeT fex 991 HuU B Jo I3 feamz=et vr der Agdt Ji
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1. feg faredt ags w3 mHsE feg s d=r gdier JI
2. feg &3t (Series) =&t AT Het I mofgz dJ=r gdier JI
3. fer =t forfoz ufggmr J=t gdi=t I
4. feg »iar diaarfel © war J<|
fasa & Hu
fisa ¥ I I3 HU Is
1. Jd7 (Range)
2. ni3g-grgeel®s I (Inter-Quartile Range)
3. ™MIgN3T IMISEIE Id A IAISEIS f€g3s (Semi-Inter Quartile

Range, or Quartile Deviation)

4. A3 feg%s (Mean Deviation or Average Deviation)

5. YH fEg3s  (Standard Deviation)
10.3.1 37 (Range)

I7 fazg €7 A8 2 AOQOE HU J1 99 ©F »idg I fan I T wifuasy 0
3 fs8a3H W& feg »i331 (Range is defined as the difference between the maximum
and the minimum value of the variable)
Mathematically

Range = Maximum Value - Minimum Value

Range = R, - R,

IT =T IBE3IHA HYU  (Coefficient of Range)

_ Maximum Value — MinimumValue

" Maximum Value + MinimumValue
L-S

Coefficient of Range = < s

fenra3tarz Bt (Individual Series)

SegdE 2
Calculate Range and Coefficient of Range.
-6,-4,2,0,2,4,6, 8

dd =L-S=8-(-6)=14
L-S 8-(-6) 14

Coefficient of Range = T "5~ 8+ (-6) “5

dfs3 B3 (Discrete Series)

ge€gdE 3
Find Range and Coefficient of Range for the following data :
X: S 10 15 20 25 30 35 40
F: 4 7 21 47 53 24 12 6

Range=L- S
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g= L=40,S=5
40-5 35

: = ——=—=.778
Coefficient of Range 40+5 45
df33 &3t (Continuous Series)

gergds 4
Calculate Range and Coefficient of Range
X: 20-30 30-40 40-50 50-60 60-70 70-80
F: 4 9 16 21 13 6

L=80"3 S =20
~R=80-20=60

L-S
Coefficient of Range L+s
- 80-20 60
~80+20 100
dn <€ dIE
I &g § Hus € HI 3 HE w3 oHE IdiaT J|
IA JeT Bfamim gg e T HS TasT Agdl &1
feg G = Jfenm 77 AaeT I AY JA=SH gaH €t Het € Hs e It
uzr J<2|
4. ferm & AHssT wimAs J
I T WAdIE

fozg € ferm vy = 99 €9 Jo fou »igle d9 &

1. d0 & g € d& tHd =& =9dmizdl feg yuidr adi oi=zr A7 "

2. feg JAST it A Het I wafaz st JEh

3. feg Jg »i9r dimarfex < fedt € war =dti

4. HOY w3 Sl »iftis et feg war st
10.3.2 »i3g-amTde€l® IA (Inter-Quartile Range)

oAt Qug ufgner I 3 fusg v fea »ige feg I fa feg fAge © fAfowt
TIET Het a8 ygriex der J1 feH san & €9 Ids BTl ni3g-aacErs In
(Inter-quartile Range) =t €93 ad= Il fer €9 wrl ufgdhit 25% M3 madt 25%
Hel g5 fda I 3T 1 fHfow @i Her e yge u3q JizT A7 "ad |

5. MiZgEnaeEl® IF =Q,-Q,
Mg nizg-amiaeEls IF W IdeElS feg®%as  Semi-Inter Quartile Range
or Quartile Deviation)

feg famg v HU Js& M3 QUIS IndeEl® € a9 § € &8 @3 d yuz

fa)

ger JI
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Quartile Deviation (i.e. Q.D) = =%
oefficient of Quartile Deviation = —Q3 10,

S¥gd=s 6
gy fefamis 2 59 fefenradht enirar yuz Ji3 S99t €7 »ig »izg-amiaeets
da m3 fer & I=F (Coefficient) 3|

399 fefenmgeg <t farest
0-10 4
1020 8
20-30 11
3040 15
40-50 12
50-60 6
60-70 3
J&
g9 fefenmgegt < farest Ha<T »ifast
f Commulative Frequency
0-10 4 4
1020 8 12
2030 11 23
3040 15 38
40-50 12 50
50-60 6 56
60-70 3 59
59

ufgsr anirgerdts At Q1=i—9%f€fewaa°ré‘?§a—d§1€,ﬁfazo—3oﬁaa+€®

=gar feg I
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HIU3H <€9HS & <33 dfentt

30-20
1

Q,=20 +
(59)
4
Q, © J=st =ar

(14.75-12)=225 &g

Q;=3 4425 @ fefawradt, 7 fa 4050 Sgat @& <gar ff9 I

50-40

Q3 =40+ (44.25-38)=452

W—%maﬁr=ﬂ

2

:452—225:227:1L35

2 2

MITgHI3d PHISES IF o T

Q-
- Q;+Q,
452—22520335
452+225

IMIeES fegss & a9
(i) IrgeEls fegss i3 fer © gfa = &3 feg I fa feg Aer 3
drEest feg Aur J|
(ii) feg fegag €t 50% Her 3 morfgz I fer et feg Ia 3 =dhr J)
(iii) fem & ¥& A3 =& @ggmi3ad™ (Open and Classes) @9 yuiar 3T =7
Ha<T JI
IMacEls fegss @ »wigle
@) feg Jg »iar dmarfez =t fedt € war =dti
(ii) 50% HeT T JdE HJI3T &dJT J1 fer e a3Hr IIAuar &dt faar #r
AT
10.3.4 »IA3 fS9%& (Mean & Average Deviation)
g vy fagt <1 JresT fan »irz 3 A3t 72 § wiR=z feess fagr 7

JI

"According to Clark and Schkade, "Average deviation is the average amount of
Scatter of the items in a distribution from either the mean or the median, ignoring the
signs of the deviation. The average that is taken of the scatter is an arithmetic mean,
which account for the fact that this measure is often called the mean-deviation."

fan Jedt gamr (Central tendency) & HWY, I€ His (mean), HiEhs
(median) A" H3Z (mode) I Su=d Hel € fegss & »irz § It fan &3t <t »H=
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A His fegss »iftm wier 31 fern feg A9 fegsst & Aaas3Ha (Positive) gu feg
fonm mwer I M3 HI fegss € Az § Her & foredt engr €3 3 His fegss
yuz 3t At I faGfa Het &t vz I fegsst T v gnnt fAeg der I fem et
u2y fegsast @it foaah (e + A - )& s Jigg adt iz AT

Az Toss € diest adt Iet Hids At i I & JI3T AfEt I ug nifsnm™
feg fgg =09 His 2 It I3 =it I A3 3 for < =T g3 We SAF At I
(i) His 3 »iA=z fegss,

wp - 2Pl
N

fag YD, wet € Qust T iz (Mean) 3 fewmst ¥ WS W3 n=Het
oadl|
(ii) HiEgs 3 »ins feoss

fagr Y [Dyitet & Wighis 3 feesst wr A
(iii) Az I Az fTEss

D,|

MD=) 2

2,
8 |D et = A3 3 fegsst = A JI

A3 feg®as =T I (Coefficient of Mean Deviation)
7 feos Ifeza »Az 2 &8 7=

M.D.
Coefficient of M.D.=? (frar x difeza »iAs)

7 fegss Hishs 2 3 7=

M.D.
Coefficient of MD v (fma M = HIEs)

o fegss A3 (Mode) 3 &€ #=

M.D.
Coefficient of MD == (8 Z=n3)

QergdE 7
Compute MD and Coefficient of MD from mean and median for the following
series:

3 7 12 14 15 18 22
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wigg-fefamis : uger o

IJ& -
X 3 7 12 14 15 18 22
g= i:l Y
7
X D=X-X D|
3 -10 10
7 -6 6
12 -1 1
14 +1 1
15 2 2
18 3 S
22 9 9
34
D
"3 M.D.=m = 34 =486
N 7
MD from Mean = 4.86
Coefficient of Mean Deviation from Mean
_ M.D. il;{(;r:nMean _ 41.5;6 _ 374
(2) N = 7, Median = Size of N2+1 th item = 4th item = 14
X D=X-Med. ID|
3 -11 11
7 -7 7
12 -2 2
14 0 0
15 1 1
18 4 4
22 8 8

> |p|=33
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D
M.D.:&:§:471
N 7

Coefficient of M.D. from Median
M.D. from Median 4.71

miggfefamis @ yggr gdar

- = =.336
Median 14
QEgds 8
Calculate Mean Deviation from the following Series:
X 10 11 12 13 14
F 3 12 18 12 3
IJ&
M=12
X f ID| f|D| CF.
10 3 2 6 3
11 12 1 12 15
12 18 0 0 33
13 12 1 12 45
14 3 2 6 48
N=48 > f|p|=36
2.f[p)
M.D.==——
N
N+1 48 +
Median = Size of — th item = —5 = 245item.
Size of 24.5th item is 12, hence Median = 12.
36
.D.=—=0.75
M.D 48
Qegds 9
Calculate Mean Deviation and its Coefficient from the following data:
Class Frequency Class Frequency
0-10 5 40-50 20
10-20 8 50-60 14
20-30 12 60-70 12
30-40 15 70-80 6

wHT Median ¥ Mean Deviation Calcualte Igiari



H€hg gar A 115 igg-fefams © uggr gqr

Class Frequency Cf. m ID| f|D|
|m - 43|
0-10 S S S 38 190
10-20 8 13 15 28 224
20-30 12 25 25 18 216
30-40 15 40 35 8 120
40-50 20 60 45 2 40
50-60 14 74 S5 12 168
60-70 12 86 65 22 264
70-80 6 92 75 32 192
N=92 D fp|=1414

) N 92 .
Med, = Size = 5 th item = ? = 46th item

Median lies in the class 40 -50.

N/_cf
Med. = L, -1-/2T

x i

L, =40, N/ =46, C.f. = 40, f=20,i= 10

46-40
Med. = 40 + x10 =40+ 3 =43
20
fiD
wp, - 2Pl 11s
N 92
Coeff. of MD = MD = 1537 = 0.357
Median 43

H3 feogss € 9T
1. fer & fomfgz gu or& ufggmz disT Afer JI
2. feg =3t dhit Adht Het 3 nmgrfaz Jder I
3. Yy fegss € 38sT feg »iA3z fegss € dies s J
H3 feogss € »ide
1. MR feuss feg fdgr & fimrs feg adt dtmrm A Aaer fios fa 91ss J1
2. feg »iar diwarfels g4 € dar adti
10.3.5 YHU feg®& (Standard Deviation)
Yy fegss fusa & Hus € A9 3 2u Hd3euds fedt 31 fen fedt e fega
HY 3 Ufgs’ Irag& UmigHas (Karl Pearson) & 1893 @9 &3 HtI Y= fegss = uzr
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o

FIS BEI TIIHS € TII IId fegsst & Igar § IeHg J9 oz #@er I fagfa
JIHS 2N & BB< fgnir J1 & & Root-mean square deviation & fagr #Ater I
fagfa fer fEo fegss =gar < »Fz & I OrAer Tdas four dAfer J|

Y fegss € HU gnHf Jifesx wiazg feg It dizr #fer I falfa arfesa
YIA3 BT I fegsst © =9dr € 13 Ja fan &t »imz feg =g Ie fegsst © =gar
T 13 2 ooz Jur Jdw ferm =€t Irdld 3mr = »iug et o @3f3nm #ier I

> (x-%)

N

SD or o =

2
c = ZNX IGES X:X—i

c Y fegss I, N=Zf
YHYT feg®s =T G (Coefficient of Standard Deviation)
c Yy fegss

yHY fegss € IIeid B T —
for <t =93 © It & 3BT I9s BET AT AT T

fen feg Js f88 yegH =T Ale J&-
(i) Het € A&t €t Jfeza »iAs Uzt JJ|
(i) o9 fex s feg afzsx WAz & wer q fegss Uzt a91 x=X-X

(iii) SDor = -

S€ga=s 10 :
Js feg »igfant 3 Yy fegss uzr ad|
21, 17. 13, 25, 9, 19, 6, 10

J% . g= X:%:%:ls
X x=X-15 x?2
21 +6 36
17 +2

13 -2
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25 +10
9 -6
19 +4
6 -9
10 -5

117

wag-fefams -

100
36
16
81
25

Ugdr €T

ZX=120

Z.XLQ =302

[ 2
o = _ 302 _ 151 _ 12.28 _ 614
N 8 4 2

Hau fedt

A Jie3x »H3 Uds »ix & 99 3T yHe fegss = uzr Hay fedt o disr
Her J1 fen et I 8y usgH BT HY Jo-
(i) 93 98 He feg fan fea & asfuz »Hz (A) He @ GF feg fegss

u3T JJi|
i) D dopd @

(iii) SDor °F

Geadzs 11

|zee [(ZNdX)T

Jo fog »igfant 3 yiu fegss ust ad|

25, 27, 31, 32, 35

Let A = 31

X d,=X-A
25 -6
27 -4

31 0

32

35 4

dx?
36
16

16

D X=150 > d,=-5

> d.?=69

SRR



Hgtg 3gar I 118

_ |69 (-5Y
5 5
= 6?4 =4/128 =3578

D 357
Coefficient of SD=S:=M=.1 19
X 30

(b) dfs3 Hat (Discrete Series)
dfsz Ht ifg yHiy fegss € ges
6) Y3y fedt -
Tdg fegss »HAs WAz 3 BT A 3T G I3 9

—\2
— 2 _
SD or o= Mor: fx S 'ﬁ-l'a' x=X-X
N v
Hau fedt

5 2
6= Zl\fd —[Zl“\]fd] , Whered =X - A

(iii)  Step-Deviation Method

2
fd'? fd' _
6= Z —(z x C , Where d* :—X A
N N

(i)

C

C = Common factor.
STgas 12
Js &89 »igfant 3 yiy fegss uzr Jd|
X 45 50 55 60 65 70 75 80

wag-fefams -

f 3 5 8 7 9 7 4 7

x f X-60/5 fd! fd
45 3 -3 9 27
50 5 2 -10 20
55 8 -1 -8 8
60 7 0 0 0
65 9 1 9 9
70 7 2 14 28

Ugdr €T
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75 4 3 13 36
80 7 4 28 112
N=50 Zde =36 Zfd12 =240

5 b
SD orG:\/Zl\fId —(Zlid )xC

2
o - /%{%} x5 = J48-5184 x5-1035

(c) nifzz =t
»dfsz B3t 9 SD yuz Jds e Qua dfzz =3t g id3 Jg 3da
oy i3 AT Aae IS |

S¥ggd=s 13 :
I f&g »igfswi® 3 SD or ¢ Yyus IJ1|
X: 0-10 10-20  20-30  30-40  40-50 50-60  60-70
f: 1 4 17 45 26 5 2
dJ&
X m f fm d=m-A d fd fd fd'2
fd'=fd
A=35 To
0-10 5 1 5 -30 -3 -30 -3 9
10-20 15 4 60 20 -2 -80 -8 16
20-30 25 17 425 -10 -1 -170 17 17
30-40 35 45 1575 0 0 0 0 0
40-50 45 26 1170 10 1 260 26 26
50-60 55 5 275 20 2 100 10 20
60-70 65 2 130 30 3 60 6 18
N=100 > fd=140 > fd*=10600
\/Zfd'z (St ) =\/10600_(£)2
6=\ " «n 100 (100

_ % =4J104.04 =102
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10.4 HIH

fer us feg »Hl fusg € wigg »iz fusag § Hus € 29 29 3difa™ g9
Al yuz JiFt J19H, »iST-IATaeTEE I, MIuHi3d IATISTES dH, WA
fegss, »3 YU fegss »ife vy fedht @ergast & i3t It gs1 g9 fea
f@dt @ g w3 »igier 99 <t Jaeadr a3t gt I
10.5 YRS

1. yHy fegss & ylgmr fell

2 Az fegss & »idie <

3. T I &t 3= JI

4. fuzg @ dar Hu €t faadht femms<t gs|

5 g = WHH HU w3 IISBHAT HY feg »izg <n|

A YHS
1. Calculate the standard deviation for the following data :
X: 50 60 70 80 90 100 110 120
f: 14 40 54 46 26 12 6 2
2. Find standard deviation of 64, 68, 72, 76, 80, 84
3. Calculate Mean Deviation from Orithmetic Mean and also calculate its
coefficient.
7 4 10 9 15 12 7 9 7
4 Calculate Mean Deviation and its coefficient from the following data.
Class: 0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80
f: S 8 12 15 20 14 12 6
10.6 UIS AT UASAT
S.P. Gupta : Statistical Methods

S.C.Gupta : Fundamentals of Statistics
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s & 1.11 Bfyar 3T feust duzT

fauH3T  (Skewness)

gu-d4uT  (Structure)
1.0 Sfar

o

1.1 H3<
11.2 a3t =7 »iag
1.3  fauzt © vy
11.3.1 ooz © fesauy wu
11.3.2 fauH3T € 7y HU
11.4 faaHsr § Hus € 3dia
11.4.1 3% Uhiarns

11.42 IE8&
11.4.3 J&
11.5 HJIH
1.6 YHS
1.7  U3S UdT yA3aT
11.0 ZfHar :

Us® ust &g »Ht Jedt yfedst € Hu m3 fasga € HU 979 Areardr 3t
"N feg vy wg fusg © AgU 99 g7 &dF TRerl fegt € wiftmis 3 feg odt uzr
sarer fa 9ife3x ¥R (Arithmetic Mean) € €2 UH H&T & yA@ AH-HRU
(Symmetrical) I A &dt1 fer s feg »H €35 € Agu & d9ft 39T ferza 9 »itmis
& BET fauH3zT (Skewness) €7 »iftis Iaidr ferm 3 gmie »HT gaefAr (Kurtosis)
g degdt dear ozt fan € AHaut @39 € Hae® G9El & HuEr JI
11.1 H3= :

Ued® us feg »Hl fusg € Hu g9 Jeadt yuz JdiSt H gzt fusg <
&% HEfUx der I mefa fauHzr = Adg feggs < forr & der Ji1fem us = vy
H3T fauHzr w3 gaHA g9 deadt yus JasT Ji
11.2 fauHzT =7 »nigg

ozt mHausT @ €8e J »ix for 3 f&g uzr =g I @ It €5 momdt
I A =1, fauHzr g SRt 3 fa mHadt €3 € HaE® GF I3 € Hat K9 fasat
Tz yret At I AHgdt €3 S Jedt e € €2 Uy A=t e yA9 feana der
JI fem 3gT & €3 feg Iieza »iAz, Hiitar »3 9g&d € HS gd=d der J1 (fdz3a
3 1) fer et wifadt €3 fg fGuqzr fAeg J<t I

121
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Symmetrical
Distribution

X=Med=Mode
fgza & 1
T3 (Skewness) fegA@3T (Homogenity) #F AH3T & wre ygre@er Ji
According to Croxton and Cowden - When a series is not symmetrical, it is said to be
asymmetrical or Skewed.
HAI3IHA TaUH (Positively Skewed) : 7ad foai €3 feg g% Jadt ggz It
IFhit I 3T OF T3 8T Ifesa »IA3 (Arithmetic Mean), Hfaam »i3 A3 € W&
3 THET frmer J29r| wifadt €3 € @9 € fawmer 3@ Ha UH €% J29r »i fen

3J7 & €3 § AITIHA fauH  (Positively skewed) ot #er 31 (939 & 2) fem
feo

Mode < Median < Mean

-~

Frequency

~Aade
fogzg &. 2
fae=Ha fauH (Negatively Skewed) : Aad <3 fdu Iz gaH™ gg3 &It
JdT 37 JfE3x »iA3, HUAT »i3 S € HE € HIaE& JHAT we Jadrl ferm 39t <t
23 ¥ 29 € 3ICQ ¥ YA I e I »i3 wfadt €3 § foesHa faun nrfimr Aer
I (g9 & 3)

Mode > Med > x
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- -

IVICAll TCU IVIOUC
11.3 fauH3™ & HYU (Measurement of Skewness):

faoHzr & © fedht &/ vy Hae Ot
11.3.1 faur3™ & fogly HU (Absolute Measures of Skewness)

fauH3T T fsaly (absolute) »3 AUY (relative) HYU I&1 fsaly Uy 3 fauqzr
& fer 3gT Wil wier Ji

a3t =9z - H3

(Skewness = Mean - Mode)

HId WIHZ T H& H3 3 20 J 3T fauHzT Aaa3Hd (Positive) J24ftI #ad A
T H® WAz 3 20 I 3 fauH3T fge3Ha (negative) J2aft
11.4 faguz § Hus € 3919

fauH3T § Hus Bt 95 83 979 3dta I

1. IS UigAs = fauHzT & Hy

2. g8& v gzt @7 U

3. I T fguH3T T HY
11.4.1 9% UmgAs = fauHzT 7 Hu

IS UngAs = fsaudy Hu =7 B39 J& fog wioAg I

Skewness = Mean - Mode

feg Hu fsauy 9 fa@fa feg Wu Wt @it s feaet (original units) &g
gt dizr Aer I

IS UnigAs & fauH3r € AUY (relative) HU & fauH3T =7 gieia fagr A
J fags f@ ot €t & feae@t 3 a3 (independent) der J1 a9 UmidAs &
faoHzT € B39 I 89 wigHad I ¢

5]
&

Mean — Mode
Stan dard Deviation
IS UidAs =7 fagHsT HuE =7 3dtar Ag = »wigT J fagfa feg gfeza »irs
w3 Standard deviation 3 »Orfaz I
IS UMmigAs =F fauHsT © I €T & WM 39 3 +1 fegag Jer I

Sk,= Karl Pearson's coefficient of Skewness =
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A2 SK,=0=  faudzr = wizde It I
ie. €3 AHQUt JI
SK, <0 = 37 5 <t fauqzr fog=sva Idt I »i3 »ifndt o=z G99 &3
nftfasy fig 3 o8 uA S 34t Jet d<t I
SK,>0 = 37 I3 &t oozt & AagsHa It Jinifadt oss fg @3
a3y fig 3 uH S 34T JEt It I
fern yarg fer g3 € Aafe3sr o S5 &g faunsr € ferr »i3 61 € ferzag
=7 U3T BT J|
fenrg3tarz #YT (Individual Observation)
B¥gds 1 : I9s UhigAs @ fauH3T geig € H& U3t Jd|

Marks 1 4 4 5 6
dx
Marks (X _ >_() dx?2

1 -3 9

4 0 0

4 0 0

S 1 1

6 2 4

ZX=20 de2=14

x=20_4
5

Mode = 4

Yax* 1a —
S.D. or o= T= ?2 28 =167

X-Mode 4-4
c 1.67

Co-efficient of Skewness =
df33 S37 (Discrete Series)
Borggs 2 : Jo &3 »iafmw® 3 Igs Unigrs = fauusT = giea usT 9|
12.5 17.5 22.5 27.5 32.5 37.5 42.5 47.5
28 42 54 108 129 61 45 33

ac'_'f’?fil
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x-275/5

X f qr fd' fd"
12.5 28 -3 -84 256
17.5 42 -2 -84 168
22.5 54 -1 54 54
27.5 108 0 0 0
32.5 129 1 129 129
37.5 61 2 122 244
42.5 45 3 135 405
47.5 33 4 132 528

N=500 > fd=296 Y fd*=1780
Mean — Mode |

Coefficient of Skewness = -

— fd
X:A+22 ,xi:275+22§x5:3046
N 500

;Ld’:_(ﬁ’)
N =f ) VAN

) Iﬁ ¥ (295)

T4/ 500

o=

500

c=1.79

Q
coeff of SK = ; =179 _ 0.059

0.46

W

»df3=x &3t (Continuous Series)

Gogds 3 Jo &3 »iafswt 3 a9z UnigAs = fagHsT @ U U3t IJ|
X: 0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80

£ 5 6 11 21 35 30 22 11
J&
X £ dZHHSS fd g2
0-10 3 _15 45
10-20 6 2 12 24
20-30 11 -1 11 11
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30-40 21 0 0 0
40-50 35 1 35 35
50-60 30 2 60 120
60-70 22 3 66 198
70-80 11 4 44 176
N=141 > fd=167 ) fd*=609
Mean — Mode
Coeff. f SK =———

_ }:ﬁi
Mean : X=A+ x 1
N

§=35-k%g%x10==35+1184==4684

Mode : By inspection mode lies in the class 40-50

A1
A +A,

x 1

Mode =L+

=40+ 35-21 x10
(35-21)+(35 - 30)

14

=40+ 1 x10 =40 + 737 =4737

ze (za],

+5

SDie. 0=

2
_ 609 (167V  10_.[4319-1402x10
141 (141

= 1.708 x 10 = 17.08, Coefficient of SK =

=-0.031
11.4.2 99& w7 fguHzr €7 Hy

46.84-4737
17.08

g8& wr fauHzr € vy Hfaar (Median) ™2 833894 (Quartiles) 3 »grdxs

J1 Bowley's Absolute Measure of Skewness
= (Q, - Med.) - (Med. - Q,)
=Q, + Q, - 2Med.
faaHzr v feg fogty Hu T
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Relative Measure (HUY HW)

Bowley's Coefficient of Skewness i.e.

wiIg-fefamis © uggr eqr

SK, = Q; +Q; —2Med.
Q3 -Q;
ferm € giefg € I +1 ¥ fegag der J1 AHgdt €3 &9 fer € Hs fHeg der
JI
Bogde 4 : I3 &8 »iafzw 3 96F = fagHzsT €7 HU Uzt IJ|
X: 7 8 9 10 11 12 13 14
f: 8 20 35 40 32 25 18 22
J& -
X f c.f.
7 8 8
8 20 28
9 35 63
10 40 103
11 32 135
12 25 160
13 18 178
14 22 200
Coefficient of SKg = Qs +Q, ~2Med.
Q3 -Q
' N+1\"
Q, = Size of the 2 item
200+1
= Size of ) item = 50.25% item = 9
th th
N+1 200+1
Qs = Size of the 3(:) item = 3( 4+ j ite
= 150.75th item = 12
N+1
Median = Size of the B item

2
100.5%" item = 10

200+1
Size of item.
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Coefficient of SK _Q3+Q, —~2Med.
QS_Q1
J1209-2x10 21720 1 453
12-9 3 3

8¥gd= 5 : Calculate coefficient of Skewness based on quartiles and median from
the following data:

Variable : 0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80
frequency : 12 16 26 38 22 15 7 4
S . SKg _Q3+0Q; —2Med.
Q3 _Ql
Variable f C.f. Q, =Size of e item
0-10 12 12 140 _ 55t jtem
10-20 16 28 It lies in the class 20-30
N/4-C.f .
20-30 26 54 Q; =L, +%><1
30-40 38 92 L =20,N/4=35,Cf =28, f=26,i=10.
40-50 292 114 Q, —20+32228 102201269
50-60 15 129 = 22.69
60-70 7 136
70-80 4 140
th
Qj =Size of SN item = 3X4ﬂ = 105" item
It lies in the class 40-50
0, -L, ,3N/4-Cf .
f
105-92
=40+——— x 10 =4591
Qs 5
th
Med. = Size of item =—— = 70" item

2
It lies in the class 30-40
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N/2-Cf .

f

= 30+ x10=30+4.21=3421

70-54
3

4591+22.69-2(3421)
4591-22.69

Coeff. of SK =

_ 68.6-6842
© 2322
11.4.33& ¥ fEgH3™ ¥ HU ([elly's coefficient of Skewness):
A & fguHzr & HU f@g Quartiles € #d]T Percentiles AT Deciles € @33
3t AL T
fsatg vy fer € fsauy HU wigH™S
Skewness = P, +Pyy —2Med.
T
Skewness = Dy +D; —2Med.
HUY  HY

=0.008

P, + Pyy —2Med
1:)90_]':)10
Hr
SKK:D1+D9—2Med
DQ_PI
fegt H3am enigr yuz & M 39 3 + fegad de Ja|

Coefficient of SKy =

gTgg= 6 Compute Kelly's Coefficient of Skewness.
X: 4 8 12 16 20 24 28 32
f: 4 9 17 40 53 37 24 16
J&

X f Cf

4 --- 4 --- 4

8 --- 9 --- 13

12 --- 17 --- 30

16 --- 40 --- 70

20 --- 53 --- 123

24 --- 37 --- 160

28 --- 24 --- 184

32 --- 16 --- 200



H€hg gar A 130 igg-fefams © uggr gqr

th
9(200+1
D, =Size of (—) item = 180.9" item = 28
100
th
90(200 +1
Dy, =Size of ¥ item = 180.9™ item = 28
100
th
10(200 +1
D, =P,y =Size of % item= size of 20.1™ item =12
‘ , 200+1% .
Median = Size of Tnem = 101.5%™ item =20
Coefficient of SK = D, + Do ~2Med
Dy -D,
_12+28-2x20 40-40 0
28-12 16
This series is evenly distributed with no Skewness
11.5 HIH

fer us feg »rt fauaHzT = wigg m3 fuHsT & Hus 2 f3a 3difam g9
Feadt yuz St 9% Uhiagrsg8d »ix 3 € ozt & Hus € Idfar feg
d% Umigas € Idtar AZ I fimrer @3f3nm dJfer 3 w3 Hd3Quds I fauwsr
(Skewness) HS €5 € HIU g9 Aeddl fder I
11.6 YHS
11.6.18€ YH&

1. oz &t J2

2. oz © feguy w3 AUg vy fég St »izg I»

11.6.28° YHS
1. Js f&g »iafmnm 2 Kell's coeffiient of skewness U3T JJ|
Marks: 0-20 20-40 40-60 60-80 80-10
No. of Students : 8 12 20 6 4
2. Calculate Bowley's coefficient of Skewness from the following data :
Mid points : 1 2 3 4 S 6 7 8 9 10
Frequency 2 9 11 14 20 24 20 16 5 2
3. Js &3 »igfat 3 a8 Uigrs = fauHsT €7 vy Uzt JJ|
Age 20-25 25-30 30-35 35-40 40-45 45-50 50-55

No. of Persons. 8 12 20 25 15 12 8
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4. Jdo &3 »iafswi 3 Karl Pearson's coeffiient of skewness U3T JJ|
Daily Wages : 100-110 110-120 120-130 130-140 140-150 150-160160-170
Nol of Workers: 1 3 7 20 12 4 3

11.7 U3& WdT YA

S.P. Gupta : Statistical Methods
S.C.Srivastava

and Smt. S. Srivastava : Quantitative Techniques.

Type Setting :
Department of Distance Education, Punjabi University, Patiala.




fawew Agans feamr,
JUAarEt gatedfaet, ufenmmsr
fefemragt €°39-u3a

T&E B

#e a1 I (mAco-a<)

Us yuz Ids & W3 YUZ I I
fefenradt enrgr €39U39 AT witmux € grE3Hd M3 W3t
& JST MUET ST M3 YdT U3t Ae-Ae e
SH J3 Ufentt & M@
EaTaT (&T UTTE = T o e
T 1 uer 15 fHie d& »fid 25 Marks
¥3 yrAs : JE B yrs ad|
1. If the derna{ld curveis x = % show that the price elasticity of demand is constant and
equal to X
2. Js 83 €85 ur 2u I g w3 Ue I v Hs de|
y=(x-3)’ (x+1)!
3. Calculate Arithmetic Mean from the following:
Marks No. of Students Marks No. of Students
Marks below10 15 Marks below 50 96
’s ' 20 35 ’s ’s 60 127
’s ' 30 60 ’s ’s 70 198
’s ' 40 84 ’s ’s 80 250
4. The following are the scores of two batsman A and B in a series of innings:
A: 12 115 6 73 7 19 119 36 84 29
B: 47 12 76 42 4 51 37 48 13 0

(i) Who is better run getter ?

(ii) Who is a more consistent player ?

133

(1x15=15 Marks)



B8 YHs @ JE UA yAs ad|

1. HHS HHI "3 88 AYd fdg eda <H|

BIRP e%s I df FE JI

NIAUSHINMS €5sT &t Gergdat e

HEDH H'S yus Id6 BEt faadlt & Hast Jal|

HId d& MHES R = 14x-x> J@ 3T WIA3 MHES M3 HIHIZ MHEs U3T JJ|
Aefagarn € feudls 3 &t g I2

fsguga € € g€ <RI

gife3d »iAz 3 ot I JI

fazg € ufggmr feg |

fauzT &t I (5%x2=10 Marks)

0 N W ok WD

—_
e

83939 yar I we Guds fer ux I 3t A< faudt afrreda, fsreH
Wgars fegdr, Uadt galedfidt, ufenrse—147002.
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